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1. INTRODUCTION

Thirty years after the Great Depression, economists have again worked
up the nerve to ask an obvious question: Why is it that workers choose
(under some conditions) to be unemployed rather than to take employ-
ment at lower wage rates 7 Soon after serious attention began to be focused
on this question, a variety of models were advanced to illustrate how
workers might rationally prefer some other activity to work at wage rates
they perceive to be temporarily below normal.! A particularly interesting
class of models arises when the alternate activity is taken to be job scarch:
The worker is faced with a wage offer which he views as a drawing from a
probability distribution; his choices are to accept the offer or to take
another drawing.? (To be of interest, obviously, these choices must be
mutually exclusive: One must be unable to search and work at the same
time.)

Most contributors to this literature on search behavior subscribe to
some form of the Friedman-Phelps notion that there exists a natural rate
of unemployment which either cannot or should not (or perhaps both)
be lowered (on average) by monetary and fiscal policies.® Yet while the
language used in discussing this natural rate suggests that it may have
the properties of a competitive equilibrium, there exist no theoretical
models in which a nonzero equilibrium unemployment rate is determiined

1 A number of these are collected in Phelps ez al. [10]. The central ideas can be
traced at least back to Hicks [51.

% For example, the Mortensen and Gordon-Hynes chapters of [10], McCall [8], and
Stigler [13]. It is perhaps necessary to emphasize that the class of models in which active
job search is the only alternative to work by no means exhausts the class of models in
which unemployment is viewed as a “rational” choice.

3 In addition to the above references, see Friedman [4].
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and its properties studied.? Normatively, this means that there is no frame-
work within which important welfare issnes such as those raised by
Phelps [11, chapter 4] and Tobin [14] can be formulated and analyzed.
Empirically, it means (for example) that there is no theoretical account
as to why average rates of unemplioyment vary so widely from one
advanced capitalist economy to another.

Clearly, one cannot hope to deal with these questions by the study of
the optimal search behavior of a single agent in the face of a given prob-
ability distribution of wage offers. The issues are those of market equilib-
rium and must be met in a theoretical context in which employment
behavior and wages are simultaneously determined. As the reader who
proceeds into the body of this paper will discover, this problem is more
difficult than it sounds. Let us try to indicate why in the remainder of this
introduction.

In order for wage rates for a single type of labor to differ at a point
in time, labor must clearly be exchanged in spatially distinct markets.
(Otherwise, wages would be bid into equality in a period much too short
to be of economic interest.) The distribution of wage rates governing the
worker’s decision problem, referred to above, must then be related to his
knowledge of the likely outcome of searching over these distinct markets.
On the other hand, the distribution of wages over markets will evidently
be influenced by the mobility of labor suppliers. In short, optimal labor
supply behavior and the wage distribution on which it is based must be
simultaneously determined within a mode! of market (as opposed to
individual) behavior.

While quite analogous to the problem of using supply and demand
schedules to determine price and quantity in a single market, this simul-
taneity problem is analytically more difficult for at least two reasoms.
First, since movement in space takes time, labor market search must be
studied in a dynamic context. Second, the outcome of the process
at each point in time will be a probability distribution rather than
simply a number. The solution of the model will then be a stochastic
process.

The rest of this paper is devoted to the elaboration of a complete
“search model” of this general type. To preserve simplicity, the treatment
will be abstract and illustrative. Discussion of the relationship of the
theory to observed labor market behavior will be deferred to the con-
clusion of the paper and will there be brief.

¢ Lucas [7] provides an equilibrium in which employment fluctuates with aggregate
demand. In this model, however, “unemployment” as an activity is not differentiated
from “leisure” or other nonwork alternatives.
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2. STRUCTURE OF THE MODEL

We think of an economy in which production and sale of goods occur
in a large number of spatially distinct markets.® Product demand in each
market shifts stochastically, driven by shocks which are independent over
markets (so that aggregate demand is constant) but autocorrelated within
a single market. Output to satisfy current period demand is produced in
the current period, with labor as the only input. Each product market is
competitive.

There is a constant workforce which at the beginning of a period is
distributed in some way over markets. In each market, labor is allocated
over firms competitively with actual money wages being market clearing.
Each worker may either work at this wage rate, in which case he will
remain in this market into the next period, or leave. If he leaves, he earns
nothing this period but enters a “pool” of unemployed workers which are
distributed in some way over markets for the next period. In this way, a
new workforce distribution is determined, new demands are “drawn,” and
the process continues.

In this process, all agents are assumed to behave optimally in light of
their objectives and the information available to them. For firms, this
means simply that labor is employed to the point at which its marginal
value product equals the wage rate. For workers, the decision to work or
to search is taken so as to maximize the expected, discounted present
value of the earnings stream. In carrying out this calculation, workers are
assumed to be aware of the values of the variables affecting the market
where they currently are (i.e., demand and workforce) and of the true
probability distributions governing the future state of this market and the
present and future states of all others. That is, expectations are taken to
be rational®

The economic interpretation of this assumption of rational expectations
is that agents have operated for some time in a situation like the current
one and have therefore built up experience about the probability distribu-
tions which affect them. For this to have meaning, these distributions must
remain stable through time. Mathematically, this means that we will be
concerned ounly with stationary distributions of demand and workforce
and with behavior rules under these stationary distributions. Although
sequences tending toward these stationary distributions will be utilized
analytically, these seem to have no counterpart in observed behavior.

% See Phelps’ introductory chapter in [10] for the description of the “island economy”
which is the direct ancestor of the present model.
S In the sense of Lucas and Prescott [6] and Muth [9].
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The task of the following sections may now be outlined in more detail.
In the next section, we study the determination of equilibrium employment
and wages in a single market, with the expected return to workers of
leaving that market taken as a parameter. In Section 4, the stationary
joint distribution of demand and workforce in this market is determined.
In Section 5, we aggregate the workforce over markets to obtain the totai
economy-wide workforce as a function of the parametric expected return.
This relationship serves as an aggregate demand function for labor; given
a fixed total workforce, the equilibrium expected return is then determined
in the usual way. Finally, Section 6 discusses a certain kind of stability
possessed by this equilibrium, and concluding remarks are given in
Section 7.

3. EQUILIBRIUM IN A SINGLE MARKET

In this section and the next, we study wage and employment determina-
tion in a single market, representing the impact of the rest of the economy
on this market by certain given parameters. This impact takes three
forms: first, product demand functions shift in an exogenously determined,
stochastic manner; second, the outside economy offers alternative employ-
ment to workers; third, new workers arrive from the rest of the economy,
augmenting the local work force. We discuss each effect in turn.

The individual market behaves as a Marshallian industry, faced with a
demand function p = D(s, Q), where p is price, ¢ is industry output,
and s is a stochastic shift variable, realized prior to trading. Output is
supplied by m identical firms, each with the production function {x)
depending on labor input only. The industry is competitive, so that the
profit (and present value) maximizing policy for firms is to hire labor to
the point at which the marginal value product of labor, pe'(n), equals the
wage. When the product market is cleared, then, the function R(s, n)
defined by

R(s, n) = D(s, mp(n)) ¢'(n)

gives the marginal value product of labor when demand is in state s and
employment is n. Since R summarizes completely the demand side of the
labor market, we shall discard the functions D and ¢ and place restrictions
directly on R, as follows. ,

The function R(s, n) is positive, differentiable, and bounded; its first
derivatives satisfy

Ry(s, n) > 0, R, (s, n) < 0. %)
For each fixed n,
liﬂr(l) R(s, n) = 0. 2y

642(7/2-5
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For each fixed w, 0 <w < R(s, 0), the function 7(s, w) defined by
R(s, A(s, w)) = w satisfies

P}}} #(s, wy = n(w) << o0, 3)

The shift variable s follows a Markov process governed by
F(s', 5) = Pris;, < 8" |5, = s}

For fixed s, F is a cumulative distribution function on s > 0, with the
continuous, strictly positive density f(s’, s). For fixed s’, F is a strictly
decreasing function of s on s > 0; further, if g is continuous,

lim [ g(s") f(s", 5) ds” = lim g(s), “)
and if g is also positive and nondecreasing,
lim [ ¢(s)f(s", ) ds’ < lim g(s). s)

The process defined by F is assumed to possess a unique stationary distri-
bution.”

The demand shifts s are assumed to be independent across markets,
and the number of markets is large.? Further, the total workforce of the
economy is fixed. In consequence, once the workforce has settled down to
a stationary distribution over markets, the expected present value of job
search is a constant, say A. In this section and the next, we treat A as a
given parameter; its equilibrium value will be determined in Section 5.

At the beginning of the period, each market has a fixed workforce, y,
which serves as an upper bound on current period employment in that
market. All currently employed workers remain into the next period;
currently unemployed workers leave. In addition, new workers arrive in a
stochastic fashion, the exact nature of which depends on the search
process which is assumed. In the present paper, we shall impose a partic-
ular property on the outcome of this process, namely that unemployed

7 For an example of a Markov process satisfying all these restrictions, including (4)
and (5), let (¢ be a sequence of independent, normal variates, let 0 << r < 1, and let
s; follow

In(s;ey) = a + rin(sy) + <.
8 By large, we mean either a continuum of markets or a countable infinity. Economic-«

ally, then, the assumption of independent demand shifts means that aggregate demand
is taken to be constant through time.
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workers are allocated over markets in such a way as to equate to the
opportunity cost A the expected return in each market receiving workers.
The precise arrival rate which will guarantee this outcome will be specified
below.?

To summarize, the state of a particular market is completely described
by its state of demand, s, its beginning of period workforce, y, and the
expected present value of search, A. Of these three variables, only s and y
vary from market to market; accordingly, we use (s, y) to index markets
(referring, for example, to “market (s, y)”’). Then for market (s, ¥), we
seek equilibrium values of wages and employment, w(s, y, A) and u(s, y, A),
as functions of the state of the market. An equilibrium must satisfy both
the market clearing condition

w(s, y, &) = R(s, n(s, y, 1)) (6)

and the labor supply constraint

nis, y, A) < y. )

Additional equilibrium conditions will be obtained by considering the
present value maximizing work-search decision made by workers.

To study this choice, let v(s, y, A) be the expected present value of the
wage stream for a worker who finds himself in (s, ¥) at the beginning of
the period. In gemeral, v(s, ¥, A) will equal the current wage plus the
expected present value of the wage stream from next period on, discounted
to the present by a constant factor 5, 6 < 8 < 1. Formally,

o(s, ¥, A) = wls, y, A) + BE{(s', y', A}

where the expectation is taken with respect to the distribution {as yst
andetermined) of next period’s state, (s', ») conditional on the informa-
tion currently available to workers: (s, ¥, A). The value of the terms on the
right will vary with (s, y); it is convenient to consider three cases separately,
as fellows.

Case A. Some (or all} workers leave; some (or none) remain.

In this case, departing workers earn the expected return from search.
Remaining workers earn no less, since they have the option to leave, and
no more, since departing workers have the option to remain. Thus

s, y, A) = A {8a)

¢In Eq. (19).
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Case Bl. All workers remain; no additional workers arrive next period.

In this case, current employment is the total workforce y and the
current wage is, from (6), R(s, y). Since the current workforce is main-
tained into the following period, next period’s state is (s, y), with s’ given
probabilistically by f(s', 5). Thus

o(s, 3, N = R(s,7) + B f os', », Vs, s)ds’. (8b1)

Case B2. All workers remain; some additional Workers arrive next
period.

In this case, the arriving workers, in.common with a// searchers, have
an expected present value (discounted to the present) of A. Thus, for them
and for the workers remaining in (s, ¥), BE{v(s’, ¥', A)} will have the
common value A, and

o(s, 7, ) = R(s, ) + A (8b2)

Evidently, these three cases divide the positive quadrant of the (s, y)
plane into three mutually exclusive and exhaustive subsets.?

Now comparing cases Bl and B2, we observe that if no new workers are
expected to arrive (case Bl), it must be that expected rent in (s, y) is non-
positive with a future workforce of y, or that 8 [ U(s ¥, (s, s)ds’ <A
Thus, (8bl) and (8b2) may be combined as

v(s, y, A) = R(s, y) + min [)\, B f v(s’, y, A) fs", 5) ds’]. (8b)

Finally, comparing cases A and B, we observe that remaining workers
in either case have rejected the option to search, so that v(s, y, A) = A,
Thus, (8a) and (8b) may combine to yield a single functional equation
valid for all cases:

(s, 3, ) = max |\, R(s, ) + min [\, 8 [ o', 5. D S5 9) &5 |- ®)
The relevant facts about (8) are given in:
PropositioN 1. Equation (8) has a unique solution u(s, y, A). The

function v is continuous in (s, y, A), nondecreasing in s and A, nonincreasing
in y, and satisfies

[ o(s, 3, A) — o5, 3, )| < (A/B) [ A — Ay | €)

18 See Fig. 3 (which we do not at this point in the argument have enough information
to draw) for this partioning of the positive quadrant.
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for any Ay, A, . For each y, A,
1}5} v(s, y, A) = A, (10)
and for s sufficiently large,
(s, », A) < RGs, /(L — B)- (15

Proof. Let T,, an operator which maps bounded continuous func-
tions u on (s, ¥) into the same space, be defined by

Tyu(s, y) = max 3)\, R(s, y) + min {/\, B f u(s’, M ', 8) ds’] §

The operator T, is monotonic: u 2= v for all (s, y) implies Thu = Tyv.
For any constant ¢ and function u, T)(u + ¢) << Ty -+ Be. By a slight
modification of Theorem 5 of Blackwell [1], these two facts imply that
T, is a contraction mapping. Thus, Eq. (8), T,» == v, has a unique, con-
tinuous solution and lim,,,,, T,¢ = v for any continuous .

If u(s, ¥) is increasing in s and decreasing in y, so is Tu, using (1).
Hence, v = lim T3« is nondecreasing in s and nonincreasing in y.

Let A, > A, . Clearly, T, v(s, y, A) = v(s, y, Ay for all (s, ). Since the
operator T is monotonic, we have

U(Sv y7 }\1) = Ll_{r}) T)ﬁv(s’ Vs AZ) > L‘(S, Vs )‘2)

Hence v is nondecreasing in A.
To verify (9), let A\, > X; and define u(s, y) = v(s, y, &) + (A, — A)/B.
Then from the definitions of T, and v(s, y, A;), we have, since B <1,

T,\lu(s, y) = U(S: s AZ) _I— )\1 - A2 < ll(S, :V)

Then by the monotonicity of 7, 2
v(s, ¥, A) = Lim Tiu(s, y) < uls, y) = v(s, 3, A + (A — A/P.

To prove (10), let v, = 0 and apply T, repeatedly, using (2) and (4) at
each step.

To prove (11), let v, = 0 and apply T, repeatedly, using (5} at each
step.

This proves Proposition 1.

With the value function v determined, we return to the determination
of equilibrium employment and wages and of the equilibrium behavior
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of new arrivals. To determine employment, let #(s, A) be the employment

that would occur in a market with demand s if the workforce constraint
were not present. Thus, # is the solution to

R(s, (s, X)) - min [/\, B f o(s”, (s, N, V) A", 5) ds'] =\

Since R is positive, the solution cannot occur when the second term on
the left is A, so we may simplify to

R(s, (s, X) -+ B [ o(s", s, ), V(5" 5) ds’ = X, (12)
Then, clearly, equilibrivm employment is
n(s, y, A) = min[é(s, A), y], (13)
and equilibrium wages are found using (6). We summarize in

PROPOSITION 2. For each fixed (s, y, \), there exist unique equilibrium
employment and wage functions n(s, y, A) and w(s, y, A) defined implicitly
by (6), (8), (12), and (13). These functions are continuous in (s, y, \) and
satisfy the monotonicity properties't

n>0, >0, m <0, (14)
we =0, w, <0, w,>=0 (15)
Also, for each fixed (v, A),
lsig{)l (s, y, A) =0 (16)
and
lim (s, y, X) = minfAQ), y], (17

where 7()) is a finite bound, varying with A.

The proof of Proposition 2 is facilitated by reference to Fig. 1 which
exhibits the left side of (12) as a function of n.

By (1) and Proposition 1, the curves in Fig. 1 are negatively sloped and
shift to the right as s increases. As A increases, these curves shift upward
by Proposition 1 but, from (9), by an amount less than the increase in A.
Then, using (13), (14) is proved; (15) follows from (14) and (6).

11 We use the usual notation for partial derivatives, recognizing that the monotonicity
properties only imply that they exist almost everywhere.
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Risg,n)+ Bfvis, n s sy ids!

Ris, ,n)+ gfv(s', n.\)fis) s, 1ds’
&

8>S,

Figure 1

Applying (2), (4), and (10), (16) is proved.

Applying (3), (5), and (11), (17) is proved.

The results of this section may be illustrated on a conventional supply—
demand diagram for labor. The demand curve is simply the marginal
productivity condition (6), which shifts with the state of product demand,
8. The curve 58 is the relation between n and w implicit in (6) and (12):
it is the locus of the wage-employment pairs which would be traced out
as demand shifts if the workforce y did not constrain employment. The
boldface curve is then the labor supply curve associated with the work-
force y. The curve SS shifts up with increases in opportunity cost A.

We remark that SS will not be flat, as would be the case if workers held
a fixed “reservation wage” above which they accept employment and
below which they do not. The reason this does not occur lies in the fact
that as demand varies, wage and price changes convey information about
future wage prospects as well as current earnings. Thus, as demand shifts
to the left and employment declines, future prospects in (s, y) are affected

W s
5>5,
\ W=R(s,, n}
S W=R({s,.n}
-3

Y

FI1Gure 2
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in two ways: first, lower demand this period increases the probability
of a low demand next period as well; second, lower employment this
period implies a lower workforce next period. These effects work in
opposite directions, which is to say that on any interval, the curve SS
may be either upward sloping (as drawn in Fig. 2) or downward sloping.

4, THE EQUILIBRIUM DISTRIBUTION OF THE WORKFORCE

Implicit in the above discussion of equilibrium employment in a single
market is the stochastic law relating a market’s next period workforce to
its current period demand and workforce, (s, ¥). In the present section, we
make this law explicit, then develop its implications for the stationary
joint distribution of demand and workforce.

In the preceding section, we postulated that all unemployed workers
move toward markets with nonnegative expected rents. From the discus-
sion of cases Bl and B2 above, it is clear that a market will attract new
workers only if u(s, y, A) = y and

B[ (s 1, N fis', ) ds =\ (18)

If searchers were perfectly directed toward markets, each market satis-
fying (18) would receive exactly the arrivals a such that y + ¢ would
satisfy (18) with equality. Equation (8) remains valid, however, under the
somewhat weaker requirement that the search process eliminate rents on
average. Specifically, let x be a positive random variable with the strictly
positive density ¢, c.d.f. @, and mean 1. We assume that each market
(s, y) satisfying (18) receives a(s, y, A)x new workers, where the function
a(s, y, Ay is defined implicitly by

B ff o',y + als, y, D) %, D) f(5', 5) $(x) ds" dx = A (19
if (s, y, A) satisfies (18), and

a(s, y, A) = 0 (19a)
otherwise.12

12 The arbitrariness in the search hypothesis (19) seems unavoidable, at least in the
absence of a physically described process of search (e.g., the hypothesis that searchers
follow a random walk over markets viewed as points in the plane). Our own attempts
to formulate processes of the latter type have rapidly led to a complexity uncompensated
by additional economic insight.

The hypothesis (19) seems roughly to capture the following sort of process. Un-
employed workers are informed (by advertising, word of mouth, etc.) of which markets
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The possible transitions from (s, y) are illustrated in Fig. 3. If (s, ) is
in region I, current employment and next period’s workforce is a(s, A},
and y — n(s, A) workers enter the unemployed pool. Markets in region I1
neither contribute to nor receive from the unemployment pool, maintain-
ing their current workforce into the next period. Markets in region Il

employ all their workforce and receive new workers for next period, as
specified by (19).

yA

FIGURE 3

Analytically, the transitions from (s, y) are described by's

Pr{siy <8, Yoy <Y |8 =5,y = ¥}
= F(s', s} Pr{n(s, v, M) + a(s, y, A) x < »'}

e ’ y'—~n(s,y,)\)
=R )

These transition probabilities define an operator P on distribution
functions ¥(s, y) as follows: Suppose that at a point in time, demand and
workforce are distributed according to the c.d.f. ¥; then the demand-
workforce distribution next period is

P, y) = [[ Fis',5) @ (y—a_cvfi()f—%—’\)) Yds, dy).  (20)

‘We wish to show that the (s, y) process has a unique stationary distribu-
tion, or to prove.

need workers (are in region II of Fig. 3) and in which of these demand is greatest.
All workers move toward a market in this class. Since the search is not coordinated,
there is a stochastic element in the relationship between the actual “shortage™ and
arrivals of new workers.

13 We use the convention that when a(s, y, A) = 0, division of a positive (negative)
number by a(s, y, A) yields + (—) oo. A c.d.f. evaluated at + oo is 1; evaluated at
— o0, it is 0.



200 LUCAS AND PRESCOTT

PrOPOSITION 3. With P defined by (11), P¥ = ¥ has a unique solution
¥* (for each fixed X) and lim, ., P"¥ = ¥* for all V. Further, ¥'*
possesses a continyous density $* which is strictly positive on (s >0,
y =0).

The proof of Proposition 3 follows the treatment of Feller {3, pp. 264—
2681 or Doob [2, pp. 190-221]. The essential elements are the proofs of

LemMmA 1. For any initial distribution 'V, the sequence {P"W'} is stochas-
tically bounded.

and

LeMMA 2. For any nondegenerate rectangle R in (8 >0, y > 0) and
any initial distribution ¥, there is some m such that for all n > m, the
distribution P*V assigns positive probability to R.

The second of these two lemmas specifies that the entire set (s > 0,
y > 0) is the ergodic set and contains no cyclically moving subsets; the
first assures that most of the probability remains concentrated on a
bounded subset of (s >0, y > 0). Together, these facts imply Proposi-
tion 3.

Proof of Lemma 1

For probabilities assigned by P*¥, we use the notation Pr{(s, , y,) € 4.
For arbitrary € > 0 and initial distribution ¥, we wish to find (5, ¥) such
that

(PP)G, 7) = Pris, <5, y, <j} =1 —e

uniformly in #. Evidently, it will be sufficient to verify this inequality for
n = m for some m.
We have

PI’{Sn 5, Vo < .)7} =1 “Pr{sn = 5} —Pr{yn 2.17}

Since {s,; has a stationary distribution, § may be chosen so that
Pr{s, = §} < €/2 for n sufficiently large. Let /i(A) be the employment bound
referred to in (17), Proposition 2. Choose y so that

Pr{x = (7 — A(X)/a(§, 0, A)} = 1 — @[(¥ — a(V))/a(5, 0, V] < ¢/2.
Then since a(s, ¥, A) is increasing in s and decreasing in y,
Pr{y, = y} < Pr{a(d) + a(5, 0, Nx > j} < €/2.

This completes the proof of Lemma 1.
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Proof of Lemma 2

We shall show that if the distribution is initially concentrated on an
arbitrary point (sy, ), then Pr{s <s, <35, y <y, <J} >0 for all
n >3, provided s <§andy <7J.

Let j satisfy B [o(s, #, N) f(s', 9) ds" = A (so that (s, ) is on the lower
curve in Fig. 3), and let § satisfy §# = 4(5, A) (so that (5, ) is on the upper
curve of Fig. 3). Then since f(s’, 5) is strictly positive,

Pr{n(s;, y0) < 7,50 <[ (50,00} > 0
for any (s, , ¥,), and, therefore,
Pr{y, <7, s <s <5 >0
Then since ¢(x) is strictly positive,
Priy <y, <9, s <5 <5 >0

Evidently, the passage thus described may occur in any number of steps
greater than three, so the proof is complete.

For each fixed A, then, the (s, ) process has a unique stationary distribu-
tion, described by its c.d.f. ¥(s, y, A) or its density (s, y, A). In the
remainder of this section, we study the behavior of mean values of func-
tions of (s, ¥) taken with respect to ¥ as the parameter A varies. The
result of this examination is

ProOPOSITION 4. Let (s, y, ) be the stationary density found in
Proposition 3, and let g(s, y) be continuous. Then if the integral

1% = [[ gls ) s, v, %) ds dy

exists, it is a continuous function of A.

The proof begins with the observation that one can always select a
closed rectangle R, with the complement R containing the (s, y) pairs with
either very small or very large s-values, such that

] 1l 91 1 s, 3, 2) = sbls, 3, Ml ds dy < 8

for any Xy, A, and 6 > 0. We shall be concerned, then, only with showing
that the above integral taken over R iends to zero with | A, — A;|. We
do so with heavy reliance on Fig. 3.
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As A increases (say from A, to A;), the curves in Fig. 3 both shift down
(by Propositions 1 and 2). This implies that ¥(s, y, A;) lies everywhere
(on the y-axis) to the left of Y(s, y, Ay). (That is, high A values are asso-
ciated with low workforce levels.) Now since the functions (s, A) and
o(s, y, A) are continuous, there is a maximum absolute vertical shift,
c(Ag, Ay), of the two curves on R. Further, ¢ tends to zero with A, — A, .

By the argument used to prove Proposition 3, one can find the c.d.f.
¥(s, y, Ay, ¢) implied by a constant shift of ¢ in both curves of Fig. 3.
Evidently, this c.d.f. lies everywhere to the left of ¥(s, y, A;), so that the
horizontal distance between ¥(s, y, A) and ¥(s, y, A,) is bounded from
above by the horizontal distance between ¥(s, y, Ay, ¢) and (s, y, A,).
But ¥(s, y, Ay, ©) = (s, ¥y — ¢, Ay), so this latter distance is simply c,
which tends to zero with A; — A, .

Since ¥ possesses a continuous density, this continuity property is
sufficient to guarantee the continuity of 4(A).

5. EcoNOMY-WIDE EQUILIBRIUM

Propositions 1-4 describe the determination of the stationary distribu-
tions of employment, workforce, and wages in a representative market,
with the expected return from search, A, treated as a given parameter.
From an economy-wide viewpoint, however, it is the size of the work-
force which is fixed and the “price” A which adjusts to clear the market.

For given A, the system described above would behave, in the aggregate,
as an occupation with a membership elastically supplied at the expected
present value A. The distribution of the workforce over locations (indexed
by (s, )) would in this case be the same as the stationary distribution of
(s, ») in any one market. (This follows from our assumptions that the
number of markets is large and that demand shifts are independent
across markets.) Then the total workforce demanded (per market) in this
occupation, at the return A, is

f f y¥(s, v, A) ds dy. @D

For each fixed A, the integral (21) converges in view of the facts that
employment is bounded for each fixed A (Eq. (17), Proposition 2), that
a(s, y, A) is bounded, and that the random variable x has a finite mean.
By Proposition 4, the expression (21) is a continuous function of A. As
observed in Section 4, increases in A shift the distribution function
(s, y, A) to the left (along the y-axis), so that (21) is a decreasing func-
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tion of A As A0, E(y; A) — oo since R is a positive strictly decreasing
function of n; as A > o0, E(y; A) — 0. The demand function is thus as
shown in Fig. 4.

A

A

E(y)=Jfy V¥ (s.y.\ dsdy

,
4
%

\
Iz Eo

FIGURE 4

Now let w denote the fixed workforce per market supplied. This vertical
supply function together with the demand function just obtained gives the
equilibrium A: the solution to

[ ¥, 3. X ds dy = . @)
We summarize in

PrROPOSITION 5. For all values of workforce-per-market p, there is a
unique positive equilibrium value of A.

Thus, Propositions 1-3 and 5 provide a full description of the equilib-
rium determination of wages, employment, and workforce in all markets
of the economy.'* By Proposition 3, there will always be some markets
in region 1 of Fig. 3, where the workforce y exceeds the equilibrium

i Since the content of this paper consists as much in motivating and explaining a
particular definition of equilibrium as in analyzing this equilibrium, we have intermin-
gled definitions and results in a way which may be difficult for readers to disentangle.
A different procedure would be to begin with the following (abbreviated)

DEFINITION.  An equilibrium for the economy under study consists of a S-tuple
of nonnegative, continuous functions n(s, v), (s, ¥), w(s, ¥), v{s, v), and a(s, »), a c.d.f.
W{s, ¥), and a nonnegative number A such that (6), (8), (12), (13}, (19), (20), and (22)
are satisfied.

The content of Propositions 1-3 and 5, then, is that a unique equilibrium in the sense
of the definition exists. Of course, these propositions also contain information useful
in characterizing this equilibrium.
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employment level #(s, A). This means that labor market equilibrium
necessarily involves positive unemployment.

Numerical calculations of the equilibrium pictured in Fig. 4 are pro-
vided in the appendix to this paper.

6. STABILITY OF EQUILIBRIUM

The equilibrium obtained for this model economy provides a complete
description of the time paths of all variables involved, both at an aggregate
and the individual market level. Since provision of such a description is
frequently thought to be the task of “stability theory” (in the sense of,
for example, Samuelson [12]), one may ask whether the latter theory has
any applicability to the present model. The answer, we think, is “yes,”
provided one raises the stability question in its most fundamental sense
of determining whether if an equilibrium approximately describes the
economy at a point in time, it will continue to do so in the future.

In the present context, this approximation question is particularly
pertinent, since we have provided no account as to how workers arrive
at the state of perfect knowledge of the probability distributions relevant
to their decision problem. Ultimately, this is a question for psychological
rather than economic theory, so we do not apologize for framing it here
in ad hoc “adaptive” terms.

The distributions F and @ refer to variables exogenous to the markets
under study; presumably, they are learned by processing observed fre-
quencies in some sensible fashion, ‘“Bayesian” or otherwise, which has
the property that the “true” distributions become “known” after enough
time has passed. The distribution ¥(s, y, A), on the other hand, depends
on the behavior of workers, so that as worker perceptions change, so does
the “true” ¥ which is being learned. This could, in general, raise insuper-
able analytical difficulties, but in the present context it does not, since
the only feature of ¥ which is relevant to worker decisions is the param-
eter A. We must describe, then, how the economy operates when the A
perceived by workers differs from the equilibrium value A* (say) and how,
under this circumstance, perceptions are revised.

For specificity, suppose A > A*. Then the number of workers entering
the pool exceeds the number which can be reassigned at an average return
of A. One could modify the reallocation mechanism in many ways, but
suppose in particular that the mean of the random variable x varies so as
to equate the total number of workers reallocated to the size of the pool.
Then both searchers and workers who remain on the job will be disap-
pointed (on average) in their wage expectations. Presumably, this will
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lead them to revise their perceived A downward, slowly relative to the
passage of trading time ¢. Thus, we assume

ANdt = g(A — M%),

where g is a decreasing function vanishing at zero. Clearly {from Fig. 4},
the equilibrium is stable. Equally clearly, this stability result can have
1o relevance to the dynamic response to regularly recurring shocks.'®

7. CONCLUDING REMARKS

Although there are (by assumption) no aggregate dynamics in the
model developed above, it should be obvious that the mechanism we have
described is consistent with the now familiar account of the observed
Phillips curve in terms of expectations. Thus, an unanticipated change in
aggregate demand (a change in E(s' | s)) will move unemployment and
wage changes in opposite directions. Of course, if aggregate demand
changes were a recurrent event, as they are in reality, this fact would
become incorporated into the maximum problem facing workers and
would result in different equilibrium functions w{s, y) and n(s, y). We
leave this nontrivial development for future research.

The implications one can draw from the model as it stands are of a
comparative static nature, both positive and normative. As an example
of the former, suppose a lump-sum cost is imposed on leaving one’s
market to search, so that the right side of (12) becomes A — ¢ rather than
simply A. This will raise the curve y = 7(s, A) in Fig. 3 and shift the
“demand curve” in Fig. 4 downward. The result is a decrease in unem-
ployment and a decrease in the equilibrium present value of wages, A
{This example alsc shows that lower average unemployment is not, in
general, associated with higher welfare for workers.} It may well be,
though one could hardly demonstrate it at this level of abstraction, that
differences of this sort in the actual or perceived costs of changing jobs
can help to account for the observed differences in average unemployment
across occupations and among countries.

We can also examine Tobin’s normative concern {14, p. 8] that “the
external effects [of search] are the familiar ones of congestion theory. A
worker deciding to join a queue or to stay in one considers the probabil-
ities of getting a job, but not the effects of his decision on the probabilities
that others face.” Now one could add congestion in the usual sense to the
search model we have developed (say, by assuming that searching workers

15 For reasons developed by Gordon and Hynes in ;10].
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travel on a congested route).'® But it should be clear that congestion of
this sort is not a necessary component of an equilibrium search model.
In our scheme, the injury a searching worker imposes on his fellows is of
exactly the same type as the injury a seller of any good imposes on his
fellow sellers: the equilibrium expected return A from job search serves
the function of any other equilibrium price of signalling to suppliers the
correct social return from an additional unit supplied.

The question of whether there exist important external effects in actual
Iabor markets remains, of course, to be settled. However this may turn
out, it is surely a major advance even to be discussing unemployment
from the point of view of the usual (in better developed areas of econom-
ics) standard of allocative efficiency. Our intention in this paper has been
to indicate the general kind of framework within which such discussions
can be conducted and to begin to develop suitable analytical methods.

APPENDIX: EXAMPLES

Several examples were analyzed numerically to determine the work-
force demand and unemployment rate as a function of the market param-
eter A. In order to compute these solutions, it was necessary to assume a
finite number of market demand states and to permit only integer values
for the workforce. In addition, we assumed that x had a degenerate
distribution concentrated at one.

The method of solution used the T, operator, defined in Section 3, to
determine the value function (s, y, A). The initial approximation was
vo(s, ¥, A) = A. The nth approximation v,(s, v, \) was Tyw,_(s, y, ).
With the assumed discount factor 8 = 0.9, the convergence to (s, y, A),
the unique fixed point of 7, , was rapid. Equation (12) was then solved to
determine 7i(s, A), and Egs. (19) and (19a) were used to determine a(s, y, A).
Next period’s workforce, given x = 1, will be

y' = min[i(s, A), y] + a(s, y, A). (23)

The workforce will be bounded, which along with the previous assump-
tions implies a finite number of possible market states (s, y). Thus, the
stochastic process for a market is a finite-state Markov chain with some
transition probability matrix, say, P. This matrix whose ijth element
specifies the probability that state j will occur next period given current

18 Phelps [11, Chapter 4, pp. 103-105] aiso discusses congestion problems, but in a
way which makes it clear that these problems arise under nonwage rationing of jobs
(i.e., under disequilibrium prices) as opposed to being externalities in the usual equilib-
rium sense.
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state i is determined by (23) and the transition probability matrix of the
S-process.

Let u be a function (represented by a vector) defined on the possible
market states. Using the analysis of Feller [3, pp. 264-268], the expected
value of u with respect to the stationary distribution implied by P can be
determined by computing

lim P*u.

P
The limiting vector has elements all of which are equal to the expected
value of u. This was the procedure we used to compute

2. yi(s, v, N);
8.9
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the average workforce per market, and

Z a(s7 y’ )\) I/I(S, y’ )\)’

8:Y

the average unemployment per market.?”

Two of the examples considered had the marginal revenue schedules
depicted in Fig. 5. There are but two demand states: s =1 or 5 = 2.
The transition probability matrix for the s process was

9 1
[ o)
so0 there was a strong persistence in demand. The discount factor § was 0.9.
As the theory predicts, the labor demand curve, pictured in Fig. 5, is
downward sloping. On the other hand, the unemployment level, also
pictured in Fig. 5, is not monotonic, having maxima. Overall, we found
for low and high persistence in demand that unemployment rates were
low. In the former case, there was little gained by reallocating workers,
while in the latter reallocation occurred infrequently. As expected, the
greater the variability of demand, holding the degree of persistence fixed,

the greater the level of unemployment. This result is reasonable for more
workers should be reallocated when demand conditions change.
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