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lis book I present what I believe to be the most important theoretical
an economics. Since urban economics is a rather diffuse field, any

:amﬁop for thinking about many of the topics in urban ooonon:am
nmﬁoz ow space mum spatial proximity is one central mmmER of Egb
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ers, and local governments; search in housing markets; and dypamic analysis in
housing markets and traffic scheduling. The book ends with chapters on-general
equilibrium models of systems of cities, demonstrating how individual cities fit
into ant economy and interact with each other.

This book is written both as a reference book for people in the profession
and for use as a graduate text. In this edition, a strong effort has been made to
present the material at a level and in a style suitable for graduate students
edition has greatly expanded the sections on housing and local public finance so

these sections could be studied profitably by a broad range of graduate students

2y
t=4

Recommended prerequisites are an undergraduate urban economics course and a
year of graduate-level microeconomic theory. It is possible that the book can be
used in very advanced undergraduate courses if the students are well versed in

microeconommics and are quantitatively oriented.

PREFACE:

The

developed much of the material in this book in journal articles and
ate urban economics courses at Queen’s University, The University
go,-and Brown University. Most of the material in the first edition had
moﬁog at some stage in its development in the Urban Economics Work-
.EswEHQ of Chicago. The comments of George Tolley as well as
pton-and the students in that workshop were instrumental in shaping
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Spatial Equilibrium and the Spatial
Characteristics of a Simple City

In this chapter a simple model of a city is developed, with the following
guidelines in mind. In specifying the model, we want to incorporate the basic
features of the economic structure of cities. Thus the model should capture the
essence of spatial interaction between producers and consumers in a city, and
it should yield theoretical results that correspond to the basic empirical facts
about cities. For example, the model should show that land rents, population
density, and building heights decline with distance from the city center, as
demonstrated in empirical work (e.g., Muth, 1969). It should be able to explain
" why higher-income people tend to live farther from city centers than lower-
income people and why wages vary spatially within a city. When different
cities with similar transportation technologies are compared, the level of rents,
population density, and building heights should increase with city size. We
also want 2 model of a city that can be adapted to enable us to analyze a sys-
tem of cities and to describe equilibrium city sizes, factor moveraents, and
trade patterns among the cities of an economy. Finally, the model should be
consistent with the models and analyses of later chapters on housing,
transportation, and public finance, which detail different aspects of urban
 living and are useful in analyzing specific urban problems.

1




2 1. SPATIAL EQUILIBRIUM AND CHARACTERISTICS OF A SIMPLE CITY

In specifying the nature of

sumptions are made. The economy consis

cities in the model, the following as:..

ts of a flat featureless plain. Instead =~

of the population spreading evenly over the plain, concentrations of

population, or cities, form because it

is agsumed there are scale gconomies in

production. Exploitation of these scale economies requires that there be
concentrations of employment in production activities. These scale economies
result from scale efficiencies in input markets, marketing, communications,
transportation, and/or public service provision. Concentration of employ-
ment results in concentration of residences occupied by people who commute

to the employment centexs.

In cities most or all commerical activity ocours in the central business
district (CBD), which is located in the central part of the city. This central
Jocation of all commerical activity results from businesses outbidding

residents for this central land. The de:

sire for businesses to be located together

at the city center follows from several assumptions. First, if firms are located
together, the advantages of scale economies may be more fully realized.
Second, it is assumed that all goods produced in the city are shipped to a
retailing and transport node at the very center of the city where they are sold to
city residents and exported to other cities. This node could be a railway
station, trucking terminal, or harbor (in 2 semicircular city). Firms minimize

the costs of shipping goods to the no

de by locating around the node. Finally,

we note that, because the business district is at the center of the city, the total

costs of commuting to work for all

residents are minimized relative to the

business district’s being at a noncentral location.*

Surrounding the CBD is the residential sector where all city residents
live. From their home sites residents commute to the city center and then
disperse to their work sites. Itis this feature of most or all residents commuting
to work in the CBD that distinguishes a simple city from more complicated

cities, where only part of the city’s

labor force commutes to the CBD. At

various points in the book the impact of non-CBD employment on the basic
results of the model will be considered.

Finally, in a stable equilibrium solution, both the CBD and the total
city will be symmetric circles. As shown later, this result follows when there is
only one business district because the plain on which cities are located is

featureless.

In the first section of this chapter the residential sector of the city is
examined. Bquilibrium of a household in space is analyzed. Then, building

1 Being at the center of a circle minimizes the distance involved in traveling to all points in the
circle. Sizice our city will be 2 circle, the central location of the CBD minimizes total commuting

costs, given there can be only one business
proposition is no longer correct.

district. With two or more business districts, this

A

1. THE RESIDENTIAL SECTOR 3

upon Ea properties of a household’s equilibrium, we study long-run
equilibrium in the housing and land markets. Finally, aggregate %Bmum and
supply relationships in the residential sector are derived. Throughout, the
monoma concepts developed are illustrated with a simple example using specific
mgnﬂ.ohm.m moH..Bm. In the second section of the chapter, the commercial sector
of m.uo.QQ is examined. Building upon the individual producer’s profit
maximization problem, aggregate relationships describing the commercial
moo.ho.ﬂ,m use of labor, capital, and land are developed. These aggregate
H.&.mﬁoumEE will be used to determine equilibrium levels of employment and
prices in Chapter 2.

1. THE RESIDENTIAL SECTOR

1.1 Oo.pme.sﬁmu. Residential Choice and
Equilibrium in the Residential Sector

. .wgwaogm in the city maximize utility defined over market goods and
amenities subject to a budget constraint and the amenity choices facing them.
.gmannﬁ goods are the city’s own traded good x preduced in the CBD, the city’s
import good z, and housing services h, which are remted from housing
ﬁ.uomﬁoonm. The prices of the traded goods, p, and p,, do not vary within EM
ity since these goods are all purchased from the same market at the center of
the city. The rental price of housing may vary spatially; and, in fact, housing
and housing prices are distinct items in the model.

. mwcmmum represents both a consumer good and a particular spatial
Hoomnomg in the city. Associated with each spatial location in the residential
mooﬁo.n is a level of amenities consumed by residents. The only amenity I
consider in this chapter is leisure consumption, which is directly related
mEomm.w commuting times, to access to the CBD. The rental on gﬁmwﬂm
implicitly ﬁnnnm both housing services and access, or leisure consumption; wum
thus ﬁ.w@ unit price of housing p(u) will vary spatially as leisure varies. This
amenity formulation is perfectly general and can be expanded to include a
vector of goods such as park and recreational services and clean air (see
Chapter 4).%

With respect to leisure, we assume that residents work a fixed number
of woﬁm.. Leisure is the fixed number of nonworking hours T less time spent
commuting. We assume that the time it takes to commute a wuniz distance
(there and back) to work is £; and ¢ is the same everywhere in the city. (This

2 H.mﬂn came across the general formulation in Hartwick (1971). Diamond (1976) also used a
similar formulation.



4 1. SPATIAL EQUILIBRIUM AND CHARACTERISTICS OF A SIMPLE CITY

assumption implies there is no congestion; or as the number of commuters

accumulates as we approach the CBD, travel speeds are unchanged.) ™

Therefore, a consumer at distance u from the city center has leisure
consumption e(u) equal to

elwy=T — tu.

Note that time costs are the only form of commuting costsin this chapter.? Itis
a straightforward exercise to add out-of-pocket commuting costs (e.g.
automobile operating costs) to the model through the budget constraint.
Situations where several amenities or costs vary with distance from the CBD

are analyzed in Chapter 3.
Given these assumptions, I can now formally state the consumer

optimization problems. Where V/(u) is utility at location u and y is income, the
consumer
max V() = V'(x(w), z(u), h(u), e(w)) (1.1)

w,r.t. x.z.e.0
subject to
y — pox(u) — p.2(u) — plh{u) = 0,
T — elw) — tu = 0.

\,

ﬁ For consumers this is essentially a simultaneous two-stage B%wwmmoﬁ

, oblem. They must pick an optimal location in space, given the spatial set of
“amenities and housing prices; and at the optimal location, they must choose an
optimal consumption bundle. For consumers at_location u, their optimal
consumption bundle is chosen according to the budget constraint and the
usual first-order conditions equating price ratios with marginal rates of
substitution in consumption. Given these conditions and assuming that V'isa
regular utility function,* we can then specify individual consumer demand
equations for all market goods as a function of income, all output prices, and

leisure. For example, for housing
h(u) = h(y. p(w), P, P=» eU)), (1.2)

where h is increasing in y and decreasing in p(u).

The guestion we are primarily concerned with is how consumers come
to choose a particular u or distance from the city center. Maximizing Equa-
tion (1.1) with respect to e(u) and u yields the first-order conditions that

3 I first came across this formulation in Beckmann (1974). ] ]
* The utility fanction ¥’ should be a coatinuous, nondecreasing, and strictly quasi-concave
function.

.

1. THE RESIDENTIAL SECTOR 5

V' /jde(u) —y=0 and —Ah{W[6pu)/éu] —yt=0 where y and A are
Lagrange multipliers and are, respectively, the marginal utility of leisure and
that of income. Combining to solve out y yields the condition that holds
when consumers are at their optimal locations

28 = VI 13

The term p,(u) is the monetized value of the marginal caww of leisure, where
we have defined

pe(u) = [OV"[Be(w]/2.

This term measures the marginal evaluation of leisure, which is the
opportunity cost of travel time.

At their optimal locations, if consumers move an infinitesimal distance
farther from the city center, they experience a loss in leisure. The value of this
lost leisure is the marginal evaluation of lelsure p.(u) multiplied by the
reduction in leisure —t. Equation {1.3) states that they are exactly com-
pensated for this lost Jeisure by reduced housing costs h(u)[Op(w)/ 0u], such that
utility is unchanged.® That is, at an optimal location they cannot improve their
welfare by moving. This implies that dp(u)/éu < 0, where this decling -in
housing rents is necessary to compensate consumers for lost leisure time as
they move farther from the city center. Otherwise, consumers could not be
induced to live farther from the center and we could not have an equilibrium
set of locations. If housing rents rose or stayed constant as consumers moved
away from the city center, a consumer would always be better off moving
inward since leisure would be increased with unchanged or lower housing
costs.

Equation (1.3} describes a relationship between equilibrium housing
rents and distance that must hold for an individual household to be in
equilibrium. The next step is to derive the properties of the set of equilibrium

‘housing prices that occurs along a ray from the city center. This set of prices is

called the rent gradient. The rent gradient is defined by its height and slope, or
by the level of prices at each distance from the CBD and the change in these
prices as distance changes. In the next section are derived these properties and
in the following section I show how the rent gradient must be consistent with
equilibrium in the residential housing and land markets.

5 That is, at the optimal location we are at a statiorary point where infinitesimal changes in
location bring no utility changes, or 4V du =0, given the constraints of the problem. This
formulation involves certain continuity and smoothness assumptions about how utility varies
over space, as will become clearer later.
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The Rent Gradient with Identical Consumers

Tf all residents in a city have identical incomes and tastes, then deriving
the properties of the residential rent gradient is straightforward. If consumers
are identical, in a stable spatial equilibrium all residents must have the same
utility level at their different locations. Otherwise residents in locations with
lower utility levels will bid for locations with higher utility levels, driving up
prices at those locations and/or causing spatial movements. The situation is
only stable when all identical residents are equally well off.

To derive the properties of the rent gradient, we introduce the concept
of an indirect utility function. As indicated earlier, for a consumer at location
u, there exists a set of demand equations for market goods where demand is a
function of income, prices, and leisurc. When these demand equations for
market goods are substituted into the direct utility function, utility indirectly
becomes a function of income, prices, and leisure. We may then define the
indirect utility function, ox

V = V(y, pu), Px P=.e(u)), (1.4)

where V is increasing in y and e, decreasing in prices, and homogeneous of
degree zero in income and prices. One interesting property of the indirect
utility function utilized at various points in the book is that the demand for
housing (and similarly for other goods) may be represented as®
aV/dp(w)
h(u) = Wiy (1.5
Equation (1.5) follows from Roy's identity.

With identical residents the rent gradient must be such that utility in
Equation (1.4) is the same everywhere in. the city. Therefore, housing prices
must vary such that dV/du = 0. Accordingly I could differentiate Equation
(1.4) and do appropriate substitutions to find the slope of the rent gradient.”
Alternatively note that since Equation (1.3) specifies a relationship between
actual housing prices and distance that must hold for individuals to be in

¢ Anintuitiveexplanation why Equation (1.5) holds is simple. The term — 8V/dp(u)is the marginal
utility obtained from a dollar decline in housing prices. This equals the marginal utility of 2
dotlar (8V/6y) multiplied by the change in dollars available to the consumer, which equals the
number of housing units A(x) multiplied by the dollar change in price (or 1). Rearranging terms
~yields (1.5).
. q\éo differentiate Equation (1.4), set dV = 0,divide by 8¥/dy, and substitute in Equation (1.5) and
“” she expression for p,(u). Rearranging terms yields Equation (1.6). Equation (1.4) can also be used
10 derive the consumer’s spatial equilibrium condition where, at a utility-maximizing location,

pr AT (g O S AT
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equilibrium, it must also define the slope of the rent gradient that holds in a
stable-market equilibrium. Rearranging Equation (1.3) yiclds the slope of the
rent gradient

Op(u)/ou = —h{u)p (u)t < 0. (1.6}

We can solve for the height of the rent gradient at any point using the
indirect utility function. To demonstrate this examine Figure 1.1a, in which a
residential rent gradient between u, and u, is illustrated. The CBD and city
radii are represented by u, and u,, respectively; thus the residential area lies
between u, and . The basic reference point on the gradient is at the city edge
u,. Consumers at the city edge have utility V(u,} defined in Equation (1.4) by
leisure e(u, ) given commuting time tu, , by income and traded good prices, and
by the known price of housing at u,. The price of housing at u , or p(, ), equals
the known price received from producing housing on land at ,,, which borders
on agricultural land. [As we shall see later, p(u;) is determined by known
agricultural rents and the price of capital.] Given that all consumers have
identical tastes, ¥ (x, ) defines utility throughout the city. Then from Equation
(1.4), for any u,, given the known values of ¥V and e(y;), we should be able to
solve for p(u;), the height of the rent gradient at that point.

To do so we invert Equation (1.4) to get

pt) = P(Y, Pxs P> €w), V). (1.7

Substituting in for V = V(u;) = V(J, Px, P., e(t,), p{#,)) and rearranging, we
get

ﬁﬁﬂv = Wﬁu\u@a«@uw @Aﬂwuu Uy,uU; [ H._v. Aw.qm.v

While this discussion demonstrates a method for deriving the equilibrium rent
gradient, we still need to know how u, and hence V(u,) are determined. I turn

plul hiu)

1 1
g uy u

(b}

FIGURE 1.1 Rent gradients: identical consumers.
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8 1. SPATIAL EQUILIBRIUM AND CHARACTERISTICS OF A SIMPLE CITY

to that topic in the next section where I examine equilibrium in the housing

and land markets, but first I comment on several other properties associated  ~

with the equilibrium rent gradient.

So far I have described the equilibrium change in rents for consumers
moving along a ray from the city center. To determine the equilibrium pattern
of rents throughout the city, circumferential movements by cODSUINCTs must
also be considered. Equilibrium with respect to circumferential movements
occurs when along all rays from the CBD the rent gradient is the same as Pin
Figure 1.1a, so that at a given radius from the city center all rents on that
circumference are equalized. Since commuting costs to the CBD are the same
from any point on that circumference, consumers will then have no incentive
to switch locations circumferentially. For this reason cities on a flat featureless
plain must be circular or else people will bid to fill out a circle.

the consumer’s housing consumption will change in response to the changing |
price. Since, with identical consumers, utility remains constant as locations
and prices change, the housing demand response is described by the Hicks

pure substitution effect where Oh(u)/dp(u) < 0. Therefore housing consump~ |

Finally we note that, because p(u) declines, for discrete spatial Boém).w

tion increases with distance as price declines. This relation is illustrated in |

Figure 1.1b.

This increase in housing consumption is also the reason the rent
gradient is pictured as convex.? Convexity implies that 8p(u)/du in Equation
(1.6) declines with distance, or 02p(u)/du® > 0. This decline in ép(u)/du in
Equation (1.6) occurs because h is increasing as u increases, which causes the
right-hand side of Equation (1.6) to dechne, providing p.(w) does not vary
much with discrete spatial moves. Alternatively stated, with convexity, as we
move out the rent gradient and leisure declines, the approximately equal
compensating decline in housing expenditures at each point, which is (1)
op(u)/du, is achieved with smaller and smaller changes in unit prices, dp(u)/ o,
given that housing consumption h(u) is continuously increasing.

[

The Rent Gradient and Housing Market Equilibrium

The height and length of an equilibrium rent gradient like that pictured
in Figure 1.1a must be consistent with conditions defining housing market
equilibrium in the residential sector of the city. This equilibrium is determined
by demand and supply conditions in the housing market and in factor markets
underlying the housing market. Although most of the properties that define a
stable equilibrium in the housing market are quite obvious, I state them here

Y This comvexity is Dot necessary. It imiplies that 8%p(x)/ Gu? = (~Bh/Bp)(Op/Ouw)* ™ +
(@p.(u)/deyt*h ™ =0 1f &p,(u)/de is small (or positive), this condition is met.

\
|
|
,
|

<)

. TERG i LTS,

H
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;
FH emphasis because it is important to have them firmly in mind for the
discussion that follows and when we analyze Bo,qmmoqummomHa situations in
the .:ozmmnm and land markets in Chapter #@ Since the housing market
equilibrium cannot be entirely isolated from conditions in factor markets, I
also briefly describe the supply of housing h mﬁm. It is analyzed in Section 1.2.
Consumers rent housing from houw ing producers.’® Housing pro-
&Hoonm produce housing according to the/ usual profit-maximization con-
&mo.u.m with rented capital and land. Capitdl is perfectly malleable and mobile
and is rented by housing producers at'a fixed pricg in Jocalor national capital
markets. Land is owned either by-a-class-of people called rentiers or
owﬂoomé@ by city residents through the operation and management of the
city government (see Chapter 2). Thave distinguished four groups of people—
onst i _and rentiers, However, the specifica-
tion is general and we can collapse these people into three, two, Or even one
group. Consumers could produce their own housing by renting inputs;
H.oﬁ#oum or capital owners could produce the housing; consumers could be the
rentiers and own their own land; and so on.

. Given this situation, four conditions define a stable equilibrium in the
&@ﬁmém market, Although the conditions are specific to the housing market,
with the land market being discussed separately in Section 1.2, since the two
markets are not independent, in some of the conditions the land market is
referred to.

1. In equilibrium, on the supply side, suppliers of housing rent to the
consumer who is willing to pay the most for that housing; and thus housing
m.nomaoowm have no incentive to switch customers or tenants. In Figure 1.1a,
since all consumers have equal utility along the rent gradient Py, at any
jocation no other consumer would be willing to pay more for that housing
than the current resident,

2. . O.n the demand side, each consumer rents the housing and location that
maxinizes utility, given the equilibrium set of prices; and thus no renter hasan
incentive to move. In Figure 1.1a, since all residents have equal utility, given
P, ,consumers cannot improve their welfare by bidding away, and thus raising,
the price of the housing of another resident.

w.. The boundaries of the residential area are the CBD radius u, and the city
radius u,. At these boundaries the price of residential housing equals its

® For an analysis of the attainment of residential spatial equilibriur, the reader should consult
82050 (1964), Chapters 4 and 5 and Appendix A). .
éo.mmmﬁnn consumers rent rather than purchase since that fits in with the structure of a single-
vn:o.a mode] and comparative statics. If consurners own housing, we would have to employ a
multiperiod model, use a wealth constraint, and consider capital gains and losses.

4
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opportunity cost, or the cost of producing housing on fand in the alternative
competing us¢ at the boundary. If the residential price exceeds [is less than]

that cost, housing producers and land owners have an incentive to increase ™

[decrease] the residential area. Since the price of capital is everywhere the
same, we will show that higher [lower] housing prices directly reflect higher
[lower] land prices. Then, for example, if the cost of producing housing on
land in the alternative use at u, islower than the carrent price of housing there,
this means the price of land in the alternative use is lower than the residential
price. Landowners will individually profit by increasing the allocation of
land to urban use, until land prices and hence housing costs and prices are
equalized at the border of competing uses. Then the city’s spatial area will
be stable.

4. All housing and locations supplied are rented; and given ug, 4,, and the
rent gradient, all residents consume their desired level of housing. That is,
demand equals supply and there are no holes in the city or misplaced residents.
If the city population were to increase, in aggregate more housing and hence
more land would be demanded. The outer bound of the city u, would increase,
and to accommodate the new population for the same p(u,), the rent gradient
would shift up to, say, P, in Figure L.1a for the same income and prices. The
fact that the rent gradient shifts up is proved formally in Section 1.3. The
degree to which P, shifts up depends on both the increase in population and
the partially offsetting decline in per person housing and derived land
demands at each point as housing prices ris¢. Note that with the increase in
population and rise in P, consumers will ail be worse off if their incomes are
unchanged. For example, in the indirect utility ; function,for the.person on.the
new city edge {which is our reference point for defining utility levels in the city),
[eisure, or e(u,), declines while all other variables are unchanged.

The Rent Gradient and Nonidentical Consumers

To derive the equilibrium rent gradient when consumers are not
identical is more complicated. We assume that consumers differ only by
income. To solve for the gradient, the concept of a bid rent function is utilized.
A bid rent function describes what unit rents a particular consumer would be
willing to pay for housing services in different locations, such that he is
indifferent among these locations.

To define a bid rent function we use Equation (1.7), where p(u) is
replaced by p®(u) so

pO(1) = P(¥. Pxs Prr €1 V). (1.70)

Equations (1.7) and (1.7b) are both bid rent functions. However, PP is a
hypothetical bid price in 2 Walrasian auctioneering process, while p(u) is the
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equilibrium price bid at which transactions occur. Bids vary with w and V in
Equation (1.7b).

o To .aw.ﬁﬂumua the properties of Equation (1.7b), we differentiate the
indirect cE.H\Q function, holding income and other prices fixed. If we set
ﬁ\_.ﬂ 0, divide by the marginal utility of income, and substitute in Equa-
tion (1.5) and the expression for p.(«), the result.is

opyon = —h@ R 8)

Equation (1.8} defines the slope of a bid rent curve, and it indicates how a
vnﬂmou,.m Ea rent will vary along a ray from the city center. A set of bid rent
curves is pictured in Figure 1.2a. The height of the bid rent curves is defined by
Em utility level in (1.7b), where along any curve utility is fixed and the curves
shift up [down] as utility falls [rises]. This property is expressed by the
negative relationship in the indirect utility function between V and p°(u) for
e(u) fixed. Bid rent curves for the same individual do not cross, just as
indifference curves do not cross.

Hﬁmauaaav bid rent curves and in particular the slope of bid rent curves
vary as income varies among individuals. As income changes, h(u) and p.(u)
will vary; hence, at each location u, from Equation (1.8), the slope of the bid
curves should either increase or decrease. I choose to illustrate an equilibrium
where the slope decreases as income increases. In Equation (1.8) this means
that the quantity of housing consumed h(u) increases relative to the marginal
evaluation of leisure p,(u) as income increases. This assumption is discussed in
detail after I illustrate the nature of an equilibrium rent gradient.

For the illustration, I first ratik groups of equal-income consumers by
the steepness of their bid rent curves. The steepest is placed near the CBD and
the least steep near the city edge. Figure 1.2b shows four bid rent curves labeled
a, b, ¢, and d, one for each of the four different groups of consumers. As just

polui oful
Ve <V, <V,
B{V,)
B(Vy) :
8/v,) plu;)
u Uy u
(2 (b}

FIGURE 1.2 8id rents and gradients for nonidentical consumers.
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assumed, the steepest bid rent curve belongs to the lowest-Income consumers.

The cquilibrium rent gradient P, is an envelope of bid rent curves and is™

composed of a segment for each income group where within each scgment the
bid rent curve and rent gradient are coincident. Each point on the gradient
represents how much people have to pay to bid their house and location away
from other users in their or other income groups. At the points of junction of
the rent gradient segments, the dashed extensions of the bid rent curves that do
not lie on the rent gradient represent what people in a particular income group
would be willing to pay to live in another part of the city such that their utility
is unchanged. The properties of the equilibrium rent gradient are as follows.

From Equation (1.8), the slope of a bid rent function, which is also the
slope of the rent gradient, specifies the same price—distance relationship as
Equation (1.3). This implies that along the equilibrium rent gradient
consumers are at their utility-maximizing location.

The ordering of people by the steepness of their bid rent curves is
necessary for stability and satisfies the two market ¢quilibrium conditions.
(1) Producers are renting to the highest bidders. For example, we can see by
comparing the rent gradient and the dashed extensions of the bid rent curves
that type b consumers would not outbid type a consumers interior to the point
of junction of their equilibrium bid rent curves and rent gradient segments.
(2) Consumers are at their utility-maximizing location. For example, type b
consumers would be worse off, or on a higher bid rent curve, if they paid the
prices type a pe mEo paid. Any other spatial configuration, such as b people
living interior to type a people, would be unstable, since then type a people
would be willing to pay higher prices than b people to live in b’s segment of
the city. (We can se¢ this by redrawing Figure 1.2b with less steep bid rent
curves nearest the city center.)

In Figure 1.2b the height of the rent gradient, the size of the residential
arca, and the size of the segments within which each income group lives are
such that all people are housed, all land and housing is rented in the city, and
all people consume their desired level of housing given their location and the
prices on the rent gradient. As with a city of identical consumers, an increasein
population will shift up the rent gradient and extend u,.

If the underlying reasons for how the slopes of bid rent curves vary are
examined, the ordering of consumers by the steepness of their bid curves turns
out to be intuitively appealing. If slopes decrease at each point as income
increases, this means, from Equation (1.8) where op°(u)/éu < 0, that
d(8p®{w){6u)/dy > 0. Differentiating Equation (1.8) with respect to y for ufixed,
we know

d(@p°w)/ow)/dy = k)™ vy W)ty — Mpunl 20, (19)
where #,_, is the income clasticity of the marginal evaluation of leisure and

e
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s, 15 the income elasticity of demand for housing. Whether Equation (1.9) is
positive or negative depends on whether the expression in brackets is positive
or negative, and hence it depends on whether 77, , 2 #,,,.- For the assumption
made earlier that the slopes of rent curves decrease as income increases, or
A(@p°(w)/8u)/dy > 0,13, > M,,.- Fromthe definition of elasticities, this means
that for a 1% increase in income, the percentage increase in housing is greater
than the percentage increase (if any).in the marginal evaluation of leisure. In
these circumstances lower-income people live closest to the CBD and have the
most leisure. .

This makes sense since lower-income people who end up nearest the
CBD are those people who value leisure the most relative to housing. Thus
they are the people who are willing to pay the highest price per unit of housing
near the CBD to housing producers. A simple numerical example can be used
to illustrate this point. Suppose higher- and lower-income people would
consume 10 and 5 units, respectively, of housing given current prices at a
Jocation u. At that location lower-income people would be willing to pay 85
per week more (indirectly through higher housing prices and hence payments)
to move slightly closer to the CBD and have a unit increase in leisure. Suppose
higher-income people are only willing to pay $9 a week more (through larger
housing payments) for a unit increase in leisure. Then the percentage by which
higher-income people’s housing consumption is larger than lower-income
people’s is greater than the percentage by which higher-income people’s
marginal evaluation of leisure is farger (ie., 100% > 80%,). This means that the
increase in price bid per unit of housing to move closer to the CBD for higher-
income people is less than for lower-income people (i.c., $9/10 < $5/5) and
housing producers will accept the higher bids of lower-income people for high-
access land. On the other hand, if higher-income people are willing to pay 311
for a unit increase in leisure, they will outbid lower-income people for high-
access land (ie., $11/10 > $5/5). The problem for higher-income people trying
to live next to the CBD is that, even if they are willing to pay more than lower-
income people in absolute terms for increased leisure, their percentage
difference in housing consumption relative to lower-income people cannot be
greater than their percentage difference in leisure evaluation or the effect of
their greater leisure evaluation on unit housing prices is dissipated through
their higher housing consumption. This type of argument can also be used to
explain why high- or low-income people tend to live in more polluted or
higher-crime areas.

The assumption that d(8p°(x)/éu) 8y > 0 is a rather arbitrary theoret-

ical assumption. This assumption was made in the foregoing discussion and is

made in the literature since it yields results consistent with the empirical
observation that higher-income people tend to live farther from the city center
in the United States. However, that empirical phenomenon could be explained
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on other grounds and in more sophisticated models not considered until later

in the book. For example, in the housing filtering-down models in Chapter 6,

higher-income people tend to live in the newest housing, which, given the age
and development of American cities, generally is built on the outskirts of
cities. In Chapter 10, we note that higher-income people have a fiscal incentive
to suburbanize and hence to move farther away from the city center than
lower-income people.

Non-CBD Local Employment In deriving these rent gradients it
has been assumed that all people commute to the CBD. This need not be so.
Suppose in Figure 1.2b that on the segment of the P; rent gradient where type a
people live, some of the type a people work in a grocery store in that area.
Providing that most people still work in the CBD, the shape of the rent
gradient is still determined by the same equilibrium conditions for CBD
commuters and is unchanged. That is, their bidding determines the com-
petitive price of land. Identical type a people who work locally pay the same
market rents as commuters but have more leisure. To maintain equilibrium in
labor markets and choice of occupation, the local wages of noncommuters
will be lower than those of commuters by the value of their increased leisure.
If, however, the ratio of local to CBD workers becomes too large, then the
gradient will change. For example, if beyond a certain point no one commutes
to the CBD, the rent gradient would be radically different.

An Illustration of Housing Rent Gradients
in a Simple City

Tt is useful to illustrate the foregoing discussion with a simple example
using specific functional forms. This example and the specific functional forms
will also be used later to derive explicit aggregate relationships for a city.
Consumers maximize a logarithmic linear utility function subject to 2 budget
constraint and a leisure constraint.

Therefore, the consumer maximization problem is to

max V= A'x@fzPhufew)?, a+b+c=f (1.1a)

w.r.LX,5h,eu

subject to
y — pxx(4) — p.2(w) — puh(u) =0,
T— e{u) — tu=0.

The first-order conditions are aV¥/x(u) — ip, =0, bV/z(u)— Ap, =0,
cV/h(u) — Ap(w) = 0, dV/je ~y =0, and —ih (Op(u)/6u) — yt = 0 where 1 is
the marginal utility of income and y is the marginal utility of leisure time.
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Substituting the first-order conditions with respect to the consumption of
market goods into the budget constraint, we can get demand equations. For
example, from the first-order conditions we know that p.x(u) = (a/c)p(u)h(u)
and p,z(u) = (b/c)p(u)h(x). Substituting these in the budget constraint and
solving, we find

h(u) = (c/f)yp)™*. (1.22)

The other demand equations are x(u) = (a/f)yp,~* and z(w) = (b/)yp. "
By combining and arranging the first-order conditions for e and u we
find

D = T i (132)

As a consumer moves farther away from the city center, the value of lost leisure
is compensated by reduced housing costs. By substituting e(u) = T — tu and
A= cV/[pwh(w)] from the first-order conditions into Equation (1.3a), we
can rewrite this equation to get the slope of bid rent curves and rent gradients.

Ap(u)/ou = —(td/)pu)T — 1)~ {1.6a)

The alternative way to derive Equation (1.6a) is to use the indirect
utility function. To derive the indirect utility function we substitute the
consumer demand equations and ¢ = T — tu into the direct utility function to
get

V = Ay/p " p ) (T — (1.4a)

where 4 = A'(a/f )b/ )(c/f ). Maximizing V in (1.5a) with respect to u yields
Equation (1.6a).

In this illustrative example, the slope of the bid rent curve and rent
gradient in Equation (1.6a) is independent of income and hence holds for all
income levels. Therefore, Equation (1.6a) also describes the slope of the rent
gradient in a city where people have either equal incomes or differing incomes.
To find the height of the rent gradient we write Equation (1.6a) in logarithmic
form, integrate, and then take antilogarithms to get

pl) = ColT — ',

where C, is the constant of integration.

The most general way to evaluate C, for a particular city is the
following. We know the opportunity cost of land in agriculture (which can be
zero) that the city must pay to get land at the border of the city. Therefore, we
can determine urban housing prices at the city edge (see Section 1.2), or p(u, }in
Figure 1.1b. Evaluating at the city edge, we have p(u;) = Co(T — tug)"".
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Solving for C, and substituting into the rent gradient expression, we get
pu) = plug (T — tuy) (T — tu)™. (1.10)

This is the residential rent gradient for a city of either identical or multi-
income people. The height of this gradient at any location is determined by the
housing rent at the city edge, the endogenous spatial size of the city as
measured by u, (which is solved for later in the chapter), and the parameters of
the model. A rent gradient is illustrated in Figure 1.1b or 1.2b by P;.
Another common way to evaluate Cg is to assume that (1) all people
have identical tastes and income and hence in equilibrium have identical
utility levels, and (2) the utility level in the city is fixed at a level V, which is given
by an infinitely elastic supply curve of labor to the city at utility level 4
(see Chapter 2). If we know ¥, then by rearranging Equation (1.4a) we know

w?o = %‘vs&i:@b@ m&n mEﬁS.. = Ev&n
or
Qo — Q\v} :Cp:diﬁ man Msn.

1.2 Production of Housing

So far, we have investigated and illustrated consumer spatial equilib-
rium, housing rent gradients, and equilibrium in the housing market. We still
have to investigate fully the supply side of housing, land rent gradients, and
equilibrium in the land and capital markets.

Housing is produced under constant returns to scale with land [ and
capital k where

h(u) = h(k), [(u). (1.11)

Producers seek to maximize profits =(x) = psdh(u) — ppk(z) — p,()l(x) where
p. is the spatially invariant price of captial and p,(u) is the price of land at
location u. At a given location, inputs are employed according to the usual
first-order conditions describing marginal productivity conditions, or p, =
p(u)(8h/8ly and p, = p(w)(6k/ok). 1t often is convenient to alternatively
describe production technology by the unit cost function where the unit cost of
production ¢ = p(p,, p,). The function p is linear homogeneous, increasing in
input prices and subsumes efficient factor usage by the firm.** If there is perfect

1 In general, for the existence of unit cost functions with or without scale as an argument, 2
should be nondecreasing in its arguments, a right-continuous function, and quasi-concave,
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competition, so that retail price equals unit production costs, the unit cost
relationship can be expressed as

p(} = p(pw. pr)- (1.12)

In the previous section we saw that housing prices must vary spatially
to “maintain consumer equilibrium. This means the gross revenue from
producing a unit of housing will vary spatially. Hence, in addition to choosing
optimal input combinations at any location, producers are concerned with
choosing a profit-maximizing location. A producer’s profit-maximizing
location is one where o7/du = 0 or

h(w)[Op(w)/0u] = l(u)[p,(w)/0u]. (1.13)

Equation (1.13) states that when producers move an infinitesimal distance
from their optimal location, their change in land costs exactly equal their
change in housing revenue. That is, given that their original location is
optimal, they cannot be made better off by moving.

The next step in the analysis is to derive the characteristics of the set of
equilibrium land prices, which is the land rent gradient. First, note that, if
producers are identical in terms of their technology and entrepreneurial
ability, profits from building housing must be everywhere equal. If housingis a
competitive industry, profits are zero. Zero profits are realized by housing
producers bidding up [down] the rent paid on land in locations where
nonequilibrium profits are positive [negative] until profits are zero. Zero
profits also imply that unit costs in Equation (1.12) must always vary through
land costs to equal output prices. Given these assumptions, the slope of the
land rent gradient may be found in several ways. We can differentiate the profit
function and rearrange terms, given du/du = 0; o1 'we can differentiate the unit
cost function and, after appropriate substitutions, rearrange terms to get the
slope.!? Alternatively, since Equation (1.13) specifies a land rent—distance
relationship that must hold for individual producers to be in equilibrium, it
must also indicate the slope of the land rent gradient that must hold in a
stable-market equilibrium. Rearranging Equation (1.13) yields the slope

Op,(u)/8u = h{w)l{uw)~* [Op(u)/du]. (1.14)

12 Differentiating the unit cost function yields dp(u)/du = dp/dpdu) plu)/du. To interpret this
condition we note a useful property of unit cost functions. From Shephard’s lemma (Diewert,
1974y k(u)/h{u) = 8p/dp, and Hu)/k(u) = 8p/0p,(x); or the derivative of the unit cost function
equals the per unit demand for the respective factor. This may be explained intuitively as
follows. The term 8p/8p, is the increase in unit costs if the price of capital rises by $1. This
inorease in unit costs equals the number of units of capital employed multiplied by $1 divided
by the number of housing units, or it equals k(u)/h{y). Substituting the equation for dp/dp(u)
into the spatial equilibrium condition on unit cosgs yields Equation (1.14).
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The E& cost mE_onOb. can be used to solve for the height of the rent gradient at
cach point, because given p(w;) and p,, Equation (1.12) can be solved for pylu;).

Inverting Equation (1.12), substituting in Equation (1.72), and rearranging e
get

ﬁ%w@ = ﬁ...cr PxsPes EQ\S.Y D>y, U, wu MJ. ﬁ_,”_.wv

A land rent gradient is pictured in Figure 1.3 and is consistent with
equilibrium in land markets. Equilibrivm in land markets satisfies the four
types of conditions listed for housing. All land supplied will be rented at a
aouu.nmmmé price, or there are no holes or vacant areas in the city; and all
housing producers will rent their desired quantity of land given prices
(condition 4). Land rents at the borders of competing uses, such as agricultural
or commercial uses, will be equalized (condition 3). Landowners in equi-
librium receive the maximum rent anyone is willing to pay for their land
(condition 1). Demanders of land, such as housing producers, receive their
maximum possible profits (zero) at their equilibrium land site, relative to other
sites that they could rent and build housing on (condition 2).

Spatial Characteristics Implied
by the Equilibrium Rent Gradient

Several important results follow directly from Equation (1.14). In
ﬁpﬁnou (1.3) I showed that changes in housing costs, [0p(u)/du]h(x), due to
infinitesimal spatial moves exactly equal the change in leisure multiplied by
the marginal evaluation of leisure, —tp (1). From Equation (1.14) we can see
that changes in land rents paid by housing producers exactly equal changes in
housing costs, and hence they also equal the value of marginal leisure losses.

p,ful h

p,ful

75 uy u

FIGURE 1.3 Land rent gradients.
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That is,*®
op(w) . . 0pw) _
1), = h 5 = =P
Second, Equation (1.14) may be written as
ap)/du _ _, Bplu)/Ou
= , 1.16
pw T P _ (116)

where p; is land’s factor share in output revenue, or p; = p:l/(ph). Equation
(1.16) states that the percentage change in unit rents equals the percentage
change in housing prices magnified by the inverse of land’s factor share. Since
land prices alone (ie., not capital rentals) reflect housing price changes, their
percentage change will always magnify those of housing prices. Thus as we
approach the city center, land rents should rise much more quickly than
housing rents. The term p, is usually estimated to be around 0.1 and thereforea
1% tise in housing rents should induce about a 10% rise in residential land
rents.

From the information on price changes in Equation (1.14) we can
demonstrate how the intensity of land use varies in a city and how population
density varies. There are two measures of the intensity of land usein a city. The
first is the ratio of captial to land in producing a unit of housing. We define
the direct elasticity of substitution as ¢ = dlog(k/l)/d log(p,/pe)- In the city
only p, varies with distance, so we may state, using the definition of ¢ and
Equation (1.16), ‘

n\w

| wom_ﬂwﬁh&\mm&ﬁ =gd HOW @.—.ﬁe&\m: . W] 2 HOW ﬁ@b\mx - HH.H\Q

Equation (1.17) indicates that a 174 increase in housing prices as we approach
the city center leads to a ¢/p, percent increase in the use of capital relative to
land per unit of housing. Typically ¢ is estimated to be about 0.7 and, from
above, p; = 0.1. Therefore, a 17 change in (1) will lead to about a 79 increase
in the capital-to-land ratio. This strong increase in the captial/land ratio as we
approach the city center will be reflected in higher buildings. This change in the

k/l ratio is illustrated in Figure 1.4a. If the rent-gradient shifts up because, say,

13 Note that this statement is only true for infinitesimal spatial moves. For discrete spatial moves,
as the price of housing changes, housing and land consumption aiso change. In that case,
changes in kousing costs holding utility constant reflect not just amenity differences but also
housing consunption differences. This suggests that changes in land or housing rents can only
be used to directly value amenity differences, such as the value of differential access, for
infinitesimal changes in these amenities. For discrete changes one can use differences in rent
expenditures to measure the value of amentity differences only if ot size is fixed.
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population increases, for the same rent on capital the k/I ratio will shift up, as
illustrated in Figure 1.4a. Buildings at the same location will be higherin larger

cities. The increase in the k/I ratio also implies that the physical marginal™

product of capital is declining as we approach the CBD. Given that housing
producers everywhere use capital according to the marginal productivity
condition p, = p(W)MP,, this decline in M P, matches the rise in p(x), so in net
the value of the marginal product of capital is unchanged.

The second measure of how land use intensity changes is the value of
housing per unit of land. If housing production is competitive, plu)h(u) =
p)l(1) + pLk(x) or p(h(w)/l{u) = pu) + p k(u)/i(u). Differentiating, we get

3(pu)h(u)/Uu)/ou = Opu)/0u + pBK(w)/H(1)]/0w.
Substituting in from Equations (1.14) and (1.17) we obtain
dlog[p(wh@)/lw)] _ A

Ju

H+ thv m_omwg\mxu . C.Hmv
4

where g, = pk@)/[p{w)h(1)] is capital’s factor share in production revenue.
Equation (1.18) states that a 1% rise in housing prices as we approach the city
center will lead to a 1 + (p,/p,)o percent rise in the value of housing per unit of
land. For p, =09, p, = 0.1, and ¢ = 0.7, a 1% rise in housing prices would
lead to a 7.3% rise in the value of housing per unit of land. This is clearly a
significant rise in the intensity of land use.

In terms of population density, there are two reasons why the number of
people per square unit, or population density, rises as we approach the-city
center. First, housing consumption for equal-income people declines with
higher housing prices as we approach the city center. Second, corresponding to
the increasing housing prices are increasing land rents, which means, as seenin

K/
Ny >N, > Ny >N,
2
=
kA ()
kAN, DIN,)
DNy}
u u
(a} (bt

FIGURE 1.4 Capital-to-land ratios and population density.
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Figure 1.4a, that less land relative to capital will be used in housing
production. Both these facts indicate that per person use of land will decline as
we approach the city center. Hence, population density will increase as we
approach the city center. This is pictured in Figure 1.4b. Note that the density
gradient will shift up if the rent gradient shifts up.

An Illustration of Land Rent Gradients

By specifying a particular production function for housing and using
the results on consumption relationships from the specific utility function used
in the previous section, we can illustrate a land rent gradient as well as spatial
variations in density and the per person use of land. We use the production

function - W5 1S CAS
h(u) = B'l(u)*k(u)* ~* (1.11a)
The first-order conditions for profit maximization are =2 L Vs,

p() = poh@)/l)  and = p()(1 — hlw)/k().

Rearranging the first condition, we get the demand for land and capital
functions, or

Jw) = ah(Wp(wpw)™  and k() = (1 — h{u)p@pic”-

Substituting in the demand equation for housing from Equation (1.2a), where
h(z) = (c/f) yp(u)~*, we can write the demand for land and capital as

M) = (ae/fypw)™"  and k@ =1 —a)c/yprt  (119)

Thus the derived demand for factors is a function of income and own prices. In
Equation (1.18), as we approach the CBD and land rents rise, the use of land
declines and density rises. Substituting into the production function for l{u)
and k(u) from the first-order conditions, we obtain the unit cost function

plw) = Bp(w)*pl! =, (1.122)

* where B = B'a"*(1 — &)*" L.

The land rent gradient may be found by differentiating profits with
respect to u, setting dz = 0, substituting in demand equations for /() and k(u),
integrating, and then substituting in Equation (1.10) for p(w). Alternatively, the
Jand rent gradient may be found by substituting the cost function (1.12a) into
the housing rent gradient (1.10) to obtain

pi() = pilu (T — 1y ) 4T — 1), (1.15a)
where p,(u, ) is the land rent at the city edge in agriculture. The slope of theland
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rent gradient is —td/ca and is steeper than the housing rent gradient of slope
—tdfc, as wasindicated would be the case in Equation (1.16). The height of this
gradient is a function of city spatial size and p,(u;). -

1.3 Aggregate Relationships in the
Residential Sector

In the previous two sections, using basic consumer utility and producer
profit maximization models, I examined the spatial variation in housing and
Jand prices, housing consumption, the capital/land ratio, and density. With
this information I can derive aggregate market relationships for the residential
sector. These relationships are the usual ones describing aggregate demand for
Jand and capital in the residential sector as a function of prices, income, and
other variables. It is assumed that housing is a normal good with a positive
income effect and a negative own-price effect; that capital and land are normal
inputs with positive output effects and negative own-price effects; and that
cquilibrium rent gradients satisfy the four properties of market equilibrium
discussed earlier. After examining general aggregate demand relationships, I
illustrate these demand functions and market equilibrium using the specific
functional forms for utility and production functions from Sections 1.1 and 1.2.
1 also use these functional forms to illustrate calculations of residential
population, rents, and use of factor inputs.

The aggregate demand for residential land, given the area of the CBD,
is measured by the radius of the city u,. If we can solve for #, as a function of
income, prices, and population, then we have solved for the urban demand for
agricultural land. We start by assuming all people in the city are identical.

To solve for u,, we calculate the residential population of the city. At
each distance from the city center, the population N{u) equals the total amount
of land at that distance, 2mu, , divided by per person consumption of land, /(u).
Total population N is the sum of populations at all locations or

N= ,—,E Nwdu = ._,5 2mu ()t du (1.20)

L] g

To derive an expression for J(u), note that given the production function for
housing in (1.11) and the associated profit maximization problem there is a
derived demand for land where I(u) = [(h(u), p,, p,(1))- From Equation (1.2)
we substitute in k= h(y, p(), ps,P.. e(w)) and then we substitute for p(w)
and p(u) from Equations (1.7a) and (1.15), respectively, to get I(u)=
1Y, Pry Pas Pis ikt ) 11, 15 £, T). Substituting this in (1.20) we have an equa-
tion in price and income variables as well as u that is integrated over. Thus
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Equation (1.20) becomes

N= ‘Z.C\uﬁxa Pz Prs ﬁuﬁﬁ.pvu Up; L qu Q.NONV
Toverting this ,
uy = rA.Zu Y2 Py Pzo FSSAEHV Ugy Ly u._v : AHNC

Equation (1.21) is in essence the city’s (or at least its residential sector’s)
demand for agricultural land. I next argue the comparative statics properties
of this function. In doing so I also investigate the comparative statics
properties of residential rent gradients.

1. m.:p /&N > 0. If population rises, more agricultural land is demanded at
the same price. This will occur if the urban land rent gradient shifts up at the

 initial edge of the city and the city expands farther into agriculture to take

advantage of the relatively lower rents. At the new expanded city edge, land
rents will again be equalized. Such a shift is depicted by the shift from R, to R,
in Figure 1.3. If the rent gradient shifts up at the initial u, (or at any point), it
must shift up at all points so as to maintain equal utility for all people. Note the
alternatives to a shift up can be ruled out. A shift down with increased
population would mean that the original residents with lower prices are
demanding less land, contradicting the properties of the demand function for
land. If the curve Totates crossing the original, relative to the initial
equilibrium, some people would be worse (above the original) and others
better off (below the original), which contradicts the equal utility condition.

Then to show that, as population rises, more agricultural land is
demanded, it is sufficient to show that the Jand rent gradient must shift up as
population increases. That the rent gradient shifts up can be demonstrated by
showing that the contrary cannot be true. Suppose population rises and the
rent gradient and spatial area of thecity remain unchanged. Thisimplies either
that new people consume no land and demand no housing, or that initial
residents were not maximizing utility before and are now satisfied with less
jand (so that new people are able to get some) at the same price. This
contradicts either or both the assumptions that utility and profits are always
maximized in equilibrium and that land and housing are normal economic
goods. If we suppose that the rent gradient falls, the foregoing inconsistencies
are even more pronounced. Therefore, the rent gradient must shift up with
population and hence the city area will expand.

2. Using the same type of argument, it is possible to show the following:-
du,/0piuy )} < O, the normal own-price effect on factor demand; du, /dy > 0,
the normal income effect on derived demand for a factor; du, /Ou, > 0, or,
ceteris paribus, the whole urban area expands if the CBD expands.

3. Bu,/3p, = 0.1f the price of capital rises, it is unclear what happens to the
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demand for land. While the demand for land relative to capital rises, the
relative consumer demand for housing and both factors falls, since housing-is
now more costly to produce and purchase.

4. du, /6t < 0.Thisindicates that increased cost of access to the CBD causes
people to crowd closer to the CBD. If ¢ rises, people farthest from the CBD, say
at u,, have a greater absolute increase in commuting time than people nearer
the CBD because they travel greater distances. Therefore people nearer the
CBD relative to those farther away must experience an increase in land rents
to offset their increased relative access advantage. This maintains a stable
spatial equilibrium between those near the CBD and those farther away. This
upward rotation in the rent gradient will reduce demand for land
everywhere.** Hence u, will decline.

s

The urban demand curve for argricultural land is illustrated in Fig-
ure 1.5. The supply curve of agricultural land is also pictured and an equilib-
rium illustrated. Although the supply of land is drawn as infinitely elastic at
piuy), it could be upward sloping. For example, if the city buys agricultural
produce from its hinterland and there are costs to the farmers of shipping
to the city market, then agricultural land rents will vary with relative market
access or distance to the city center. In certain circumstances, if the radius
of agricultural production rises with city size, s0 will the level of agricultural
Jand rents.* Then the opportunity cost of land to the city will rise.

The aggregate demand for capital can be specified in the same fashion
and shown to have regular properties. The analysis can be expanded to include

pyfus) demand shifts up if
[T VPR O P

/ supply

demand

L
Uy th

FIGURE 1.5 Urbar demand for agricultural land.

14 To actually rule out the alternative of an anticlockwise rotation with w; shifting out, it is
sufficient to assume utility is separable in leisure, 30 housing demand depends only on income
and prices.

15 As the city expands, if in the agricultural area the difference in access between the farmers
closest and those farthest from the CBD increases, then agricultural rents should increase.
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different income groups, where we would then hypothesize a demand for
agricultural land function.

Uy = @Nﬁ%ﬁpuu.z_.p“ 2?2.?.. <2 Y15 Va» Yasee .uﬁou@wqﬁku@nwnﬂ. m..uu

where N; is the number of people earning income y;. The comparative static
propérties of this function are argued in the same way as when there is only
one type of person. For example, in arguing du, /8N > 0, I usc the same
method, except now I must also show if the rent gradient rises in one income
segment, it rises in all segments. If land rents rise in one segment, either they
rise in other segments to equalize land rents at the border of competing uses or
the area of this segment will expand into other segments, reducing their size.
This reduction in size in itself will drive up prices in these other segments to
equate demand with the reduced supply. ‘.

Specific Functional Forms

These aggregative relationships are illustrated using the logarithmic
linear production and utility functions specified earlier. Thesc illustrations will
be used laterin presenting an aggregative model of acity. For the illustration it
is assumed that all consumers have identical tastes and incomes. To illustrate
aggregate relationships is very complicated when incomes and/or tastes vary
(see Montesano, 1972). The basic problem is in integrating over space when
there are different types of consumers whose location is endogenous. Since the
objective here is to illustrate an aggregative model, I choose to simplify and
assume that consumers are identical.

We start by calculating the residential population of a city. At cach
distance from the city center the population N(x) equals the total amount of
land at that location, 2zu, divided by per person consumption of land. Total
population N is the sum of populations at all locations or

N= % N(w)du = % Dy du.

ug uig

. Using our logarithmic linear utility and production functions, we substitute

into this equation for I(u) from the demand-for-land equation (1.20) where
W) = (ec/f) ypi{u)~!, and then we substitute for p,(u) from the rent gradient
equation {1.19) where p,(u) = p(u, T — tu, )~ 4T — tu)*** This yields

N = .ﬁ: druloe/fyy oyl )(T — tuy) (T ~ L) du.

L]
Integrating, we get
N = Cypyuy)y ™t ?s(t, 0, Us) (1.22)
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-1 -1 —
CoL / \CO col
mﬁﬁuaou @...Hv =(T — na_.,u.vl&nnmu._ - HROVH.T&QR T + Eoﬁ%ﬂm + Hv“—

—{T — ELTJ + EHAW + QH_ > 0.1¢
(524

An inverse of Equation (1.22) is an equation for u,, the urban demand
for agricultural land, where u, = u(p,{t,), N, y,, 4o, pr)- The properties of this
function may be illustrated by differentiating (1.22) and rearranging terms to
get

where

and

ey duy = (AN/N) + (dy/y) — [dpi(uy)/pi(u)] — epd + esduy  (1.23)

where e,, e,,e5 > 0.7 Equation (1.23) illustrates the properties of the urban
demand function for agricultural land that were discussed earlier. There is the
own-price relationship, du,/p,(u,) < 0. There are the aggregate demand

.r.‘_.QSH? for N> 0,5 > 0.If g = u,, s = N = 0, since there is no residential area. For uy > u,
- - we assume that parametric values are such that s > 0. For any reasonable parametric values,
SRR 221\

td
e = mmﬁ, g, ty) "t *ﬂ — tugy )Y (T — E&Eﬁip_ﬂﬂ R Eomzal + HVH_ -T

ot
+ MEHT + Wﬁ >0,

ey = eyt tuy — 27" — 1 lugey > 0,

&g = ug?s(t, g, 2y ) HT — fu, YT — Eoua._avﬂaml - Hv A..ml + Mu >0,

co e
mmn_«.mamzﬁ are unambiguousty positive, except for &;, providing s = 0. As for 5, ¢, > 0
reasonable parametric values. For future reference, note that it s possible to show that
= tuyJerouf(td) > 1 or that {T ~ tu,) multiplied by the bracketed part of e, and s(t, ug. u,) ™"
-is greater than one. This latter expression reduces to

glae)) + (T — tu,)2tu, (L + ca/d)
gluy) — (T — tug)ow, (dfce + 1)

: .vnﬂ.m?b is some positive expression and both sumerator and denominator are positive. As
Jong as T > tw, or leisure is positive, this expression is greater than one.
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relationships for population and income, du,/0N, du,/0y <0. Finally,
Bu, /0t < 0 and du, /u, > 0. _

The aggregate demand for capital is the demand for capital per house
summed over all households. The amount of capital per house is k() and the
population at each distance from the CBD is 2nul{u)”}. Therefore at each
radius the demand for capital is k() 2rul(u) . From Equation (1.19) we can
substitute into this relationship k() = (1 — &)¢/fyp~* and () = xc/fypw)~ .
Therefore the aggregate demand for capital is'®

:o Ea
N.ﬂ ,_, wa:xg\_._g&:ﬂ by mﬂ:&ﬁi&ﬁﬂﬁ%&&?
U uy

To evaluate this, we can substitute in Equation (1.20) for pi{u) and integrate.
Alternatively, we can employ other information to solve for K. Given
logarithmic linear utility functions, consumers spend a fixed fraction of their
income on housing, or from (1.2a), p(u}h() = (¢/f)y. From equation (1.19) we
also know that the share of any factor is a fixed proportion of housing costs.
Specifically, p k(u} = (1 — )p(u)h(u). Combining these relationships, we see
that each consumer buys k(1) = (1 — &)(c/f)ypx *- This expression contains no
spatial variables and, therefore, aggregate demand is simply

K = (1 =~ o)(c/f)ypi*N. (1.24)

As before, this aggregate demand function has the normal properties that
8K /ap, < 0for the own-price effect and 6K /dy, 6K/ON > C for the income and
population effects.

Finally, note that total rents at each location are the unit rent (W)
multiplied by the amount of land at each location 2mu. Therefore total
residential rents are

Rents,,; = .ﬁ 2mup,(u) du.
o
We can substitute in Equation (1.20) for p,(u) and integrate. Alternatively note
that per person land rents are a fixed proportion o of housing costs, which in
turn are a fixed proportion of income ¢/f. Therefore, per person rents are

“(ac/f)y, and total residential rents are

Rents,, = (xc/f)yN. (1.25)

18 Alternatively the aggregate demand for capital equals the demand for capital per unit of land
summed over all units of land. From footnote 12 the amount of capital and land pet unit of
housing 4re, respectively, op/8p, and dp/dp;. Therefore K = [t 2mu(@p/9p.)/ [Gp/8py(u)] du. To
solve this we substitute in from Equation (1.12a), which then gives us the equation in the text.
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2. THE BUSINESS SECTOR

2.1 Firms and Spatial Equilibrium in the e
Central Business District

Firms in the CBD produce the city’s traded, or export good. As noted
earlier, for cities to exist there must be some type of scale effects in production.
T use a simple specification consistent with maintaining perfect competition
(Chipman, 1970). Second, to have a CBD with centrally located production, in
this chapter we assume firms want access to a transport-retailing node at the
center of the city, from which to export or sell their products locally. In return
for its exports the city imports z from other places, through the transport
node.

The firm production function is

x(w) = G(N)x(k(u) n(u), ). (1.26)

A Hicks neutral shift factor G(N) indicates economies of scale that are de-
pendent on city employment in x activity (the only employment source in the
city); 8G/8N = 0. These scale econormies are the basis for agglomeration of
population in the city. They are at the industry level and may be experienced
by any entering firm. Each firm behaves as though G(N) were exogenous. The
x function denotes the firm’s own technology, where output, given G(N), is a
function of capital k(u), labor n(u), and land I(u). The x function is linear
homogeneous and hence G(N)x is homothetic.

In the shipping of products to the marketing—transport node at the city
center, transport services are produced with units of x, which corresponds to
the evaporation formulation of transport costs in international trade. It costs
firms ¢, of a unit of x to ship one unit of x one unit distance. The quantity of x
actually sold in the city center is x(u)(1 — £.%) or the revenue received for each
unit of x produced is p.(1 — t u).

These assumptions about production have a number of implications.
First, in maximizing profits, the firm pays factors the value of their perceived
marginal product or, for wages, p, = p(l — t,u)G(N)8x/dn. Total factor
payments then are p.(1 — t,u)G(N)[dx/dn)n + (Ox/dk)k -+ (0x/el)i], which,
from Euler’s theorem, equals p.(l — £,u)G(N)x if the x function is linear
homogeneous. Therefore firm factor payments exhaust firm revenue. This fact
plus the fact that G(N) is an external scale effect that affects ail firms equally
ensures that perfect corpetition is stable and feasible.

Second, production technology may be alternatively described by the
unit cost function p(N,p..Pw p:u)). This function is nonincreasing in N,
increasing and linear homogeneous in prices, and subsumes efficient usage of
factor inputs. With perfect competition, the firm’s net price should equal unit
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costs ort?

Pa(l = tx18) = PN, Dus Pio Po(1): (1.27)

Finally, as long as G(N) increases with N, for the same factor ratios the
marginal products of factors increase continuously. Moreover, because G(N)
is a Hicks neutral shifter, the marginal products of factors increase by the same
proportion for the same factor ratios. If, on the other hand, the scale effect
were relatively labor saving compared to capital, this would imply that the
marginal product of capital would be more beneficially affected than the
marginal product of labor as a city grows. Then, for example, cither capital
rentals would rise relative to wages if city factor supplies are fixed (and factor
prices variable) or the city’s relative demand for labor would fall if factor prices
are fixed (and factor supplies are variable). Clearly, assuming G(N) is a Hicks
neutral or nonneutral shift factor has important implications for the relative
use of capital and labor in various size cities. Normally, scale efficiencies are
assumed to be neutral in aggregate.

A firms spatial equilibrium is described as follows. Firm profits
are 7 = p(l — tu)x() — pwl(u) — pkfu) — pn(u). At the firm’s profit-
maximizing location, én/fu = Q or

) dpi(u)/du = —x(u)pyty < 0. (1.28)

Unit land rents decline with distance from the city center, as transport costs
increase. The change in total rents exactly equals the increase in transport
costs [x(u)p,t,] of moving a unit distance. Therefore firm profits are
unchanged and the firm does not benefit by moving.

To find the slope and height of the commercial land rent gradient, we
first note that if all producers are identical in technology and ability, profits
from producing x must be everywhere equal. If the xindustry is competitive,
profits will be everywhere zero and net price will always equal unit production
costs. Therefore, to find the slope of the rent gradient, we-can differentiate the
unit cost function and do appropriate substitutions, or we can differentiate the
profit function and set dn = 0.2° Alternatively we observe that, since Equation
(1.28) specifics a relationship that must hold for individual producers to be in
equilibrium, it also gives the slope of the equilibrium rent gradient. The height
of the rent gradient at any u can be solved directly from Equation (1.27), given
P.» Ly, and other variables.

19 Ses footnote 11 on the existence of unit cost functions.

20 Differentiating the unit cost function gives us —pyt;du = dp/@p i) opi(u)/Oudu. From
Shephard’s lerama (footnote 13} Iu)/x(u) = 8p/dp,(u). Substituting this in yields Equaticn
(1.28). -



30 1. SPATIAL EQUILIBRIUM AND CHARACTERISTICS OF A SIMPLE CITY

In Jong-run equilibrivm in the urban land market, land rents in the

residential sector at u,, the boundary of the CBD, equal land rents at u, in the ..

business sector, or

@Hm@ﬁOVnnm = Nu...AHmOvc:m. G,.M@v

For this equilibrium to be stable, as indicated in the discussion of residential
equilibrium with different types of consumers (p. 12), businesses must be
able to outbid residences for land interior to u,. (This is the stability condition
implicit in the rent gradients in Figure 1.2.) Therefore, the slope of the bid rent
curve for businesses must exceed that for residences at u,, or

_mﬁhmﬁofnm\m:m = _m..UHA26v¢=m\m2_u

or, using {1.14) and (1.28), with one firm at u,
N(uo)tp (1) < x(uo)psts- (1.30)

Specific Functional Forms

The foregoing points are illustrated with a jlogarithmic’ linear pro-
duction function of the form

x(w) = GN)Clw)k@¥nw)’, y+p+d=1 (1.26a) -

From the first-order conditions for profit maximization, we get the
marginal productivity conditions, which may be rewritten as factor demand
equations, where, for §, = p.(1 — tu),

u) = ypox()/p@),  n(u) = 0F.x(u)/p,, k() = BPxx(w)/pe.  (1.31)

The unit cost function corresponding to this production function is obtained
by substituting into the production function for {u), k{u), and n(u) from
Equation (1.31) to get

Pl — ta) = GIN)Y 1Cp,’pif pwy’, (1.27a)

where C = (C") 167%8 %y . Rearranging Equation (1.27a) yields a rent
gradient of

piu) = P — £ CI GV, Hrpi P, (132)

. If we employ the condition that p;(ug)... = Pi(Ho)puss We may write
business rents as a function of p,(u,) and distance from the city center.
Substituting u, for u in (1.32), dividing the result by (1.32), and rearranging
terms yields

Pul) = pultio)(L — tysa0) (L — ). (1.33)
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The height of the business rent gradient is determined by the rent at the edge of
the residential sector py(ug), the size of the CBD u,, and transport costs Z,.

2.2 Aggregate Relationships in the Central
Business District

Having examined equilibrium conditions for the individual producer
and in the general land market, we can now determine aggregate employment
of capital and labor, total output, and income from the rent of land in the
CBD. Because of scale econormies, general aggregate relationships for fac-
tor inputs cannot be proved by contradiction proofs. Therefore, we proceed
directly to illustrating the problem with a logarithmic linear production
function.

At each location from the city center the aggregate employment of
labor is the employment of labor per unit of land, n{u)/I(u), summed over all
units of land, 27mu. From the factor demand Equations (1.31), n(u)/I(w) =
8/ap,(1)/p... Therefore total employment in the CBD is2?

N = % o @ A@ Hgv 4.
0 % @a

Substituting in (1.32) for p,(«) and integrating, we get
N = CopX7GNY ¥ p =3 pi e 7 f (£ o)y (1.34)

-
VZANS Vi
SFlte, ug) = *. - {1 — Nxzo%aiﬁw o Ha:oﬁw + vaw

Equation (1.34) describes total eraployment of labor in the x industry. It is
sometimes interpreted as an aggregate demand function for labor in the x
industry. Interpreting it as a demand function must be done with care since it

where

and

21 Note that frox the formulation of the production function, firm size is indeterminate, so that
production activity is summed over locations rather than firms. The aggregate demand for
labor may also be derived as follows. From footnote 20 the demand for labor per unit of output
is 8p/8p, and the unit demand for land is 8p/dp,{z). Henee total employment at location u is
2nu(p/ dp,)/[6p/ Epu)]. Evaluating these derivatives using the unit cost function in Equation
(1.27a) yields the expression above for N.
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characterizes neither the demand of individual producers nor the city’s
demand for labor (even though the x industry is the only employer in the city).
As we shall see in Chapter 2, to find the city’s demand for labor, we have To
incorporate information from the residential sector of the city to obtain a city
demand function for population.

To examine the x industry’s employment of labor, we differentiate
(1.34) to obtain

dN 1 dp, v+4dp,

~ 1 __F
N Y—¢& Py Y — & Dy Y& Py

NL. NU
DN —
TP Ry

where ¢ = [dG(N)/dNIN/G(N) is the elasticity of the scale gconomy shift
factor with respect to N and e, > 0, e; = 0.22 A term we shall use frequently in

dt, (1.35)

the next chapter, ¢ indicates the extent of scale economies at the margin of -

additional employment. In general, we shall assume that ¢ is declining with
city size, or 6g/dN < 0, indicating that scale economies are larger at the margin
when cities are sinall.

In examining Equation (1.34), we sce thatif ¢ < y or s relatively small,
this equation will possess normally expected properties. An increase in
employment is associated with a rise in output price, a decline in own input
price, an increase in CBD area, and in some cases a decline in transport costs.?*
A rise in p,, for p, fixed, is associated with a decline in both capital and labor
employment, although labor employment can be shown to increase relative to
capital employment [compare the dp,/p, coefficients in Equations (1.35) and
(L37) fory > £].

If marginal scale effects are large, such that ¢ > ¥, Equation (1.35) has
seemingly unusual properties. For example, a rise in wages is associated with
an increase in labor employed. However, if one interprets Equation (1.35) as
stating that when scale effects are large, wages can rise as employment
increases (for the same size CBD), then that makes sense.

At each location from the city center the aggregate employment of
capital is k(u), which can also be stated as the employment of capital per unit

1 1
= ea= flt,up) M1 — E&SAE + mv@ + Nv%_a >0,
¥

€5 =2, — 1 " M upe, > 0.
*3 For the same uy, if ¢, increases, rents should rise nearer the city center relative to farther away

due 10 increased premiums on access to the transport node. This increase in rents will lead to a
greater use of N relative to land but a potentially offsetting reduction in demand for all factors.
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of land, k(u)/I(u), summed over all units of land 27u. From the factor amBEma
Equation (1.31), k(u)/l(w) = 8/y)pu)/p.. Therefore total employment in
the CBD is

K= % " ey du = .ﬁ () 1) it = % 2mu(B/7)pw)/ Py du-

0 0 ©

To evaluate this we can substitute in Equation (1.32) for Pg. and integrate.
Alternatively, from Equation (1.31) two first-order oﬁ.E&aoum are p, =
8P x(u)/n(w) and p, = BP.x(u)/k(u). Combining and solving out p,x, we get
k(u) = (B/8)p;* pun(u). Since N = [ n(u) du, we may then state

ngﬁ .7 ﬁ&%u@&%ﬂ? c.ue_
4]

Differentiating (1.36) yields the properties of the employment function for
capital.

To make this comparable with the function for labor, we substitute in
Equation (1.35) for dN/N to get

dK 1 dp, d+edp, Bty—cedp
K y—¢px 7—¢ D Y& D

b S 137
+Him§§o H,lm\e&a. (1.37)
When scale effects are small, the properties of this nBEouaaau\m of
capital equation will be similar to those of the properties 0m thelabor equation.
Increases in capital usage are associated with increases in oﬁ.ﬁﬁ price mE.a
CBD area and declines in own price. An increase in the price of labor is
associated with an absolute decline in capital usage, but a rise Hm_mmé to labor
usage [compare the coefficients of dp,/p, in (1.35) mua. (1.37) if ¥ > £]. As
before, if scale effects are large, the properties of Equation (1.37) may seem
ut are plausible.
gzmsmw,wu Msmmmﬁw reference we define expressions for total CBD rents and total
output actually retailed at the transport—marketing node.
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To solve these equations we can do appropriate substitutions and integrate.
Alternatively, we note from the labor marginal productivity condition that
x(u) = p,n(u) 672 P * and therefore using Equation (1.34), where

2n H %Egn % gmi\ﬁg\iﬁ
Q 4]

itis possible to evaluate both equations directly in terms of labor employment.
Doing this, we find

HﬂOBHmwcm = Qy\%yﬁazu C..wwu
X =8"p p,N. (1.39)

These expressions for CBD rents and output plus the expressions for CBD
employment of capital and labor define the primary aggregate relationships
in the CBD.

[

2

An Aggregative Model of a Simple City

In this chapter an aggregative model of a city is presented and
analyzed. The purpose of developing an aggregative model is to solve for the
city’s total demand for population, factor incomes, and equilibrium city size,
and to show how various economic characteristics of the city vary with city
size. Given this analysis, we can solve for equilibrium city size by postulating a
~supply function of people to the city arnd then analyzing the behavior of
~economic agents in limiting city sizes. In addition to being used to solve for
-equilibrium city size, the model that is developed can be used to do
-comparative static analyses of the long-run effect on city size and other
- economic characteristics of changes in commuting costs, property taxes, and
-other variables.

In the previous chapter I developed a model of the residential and
business sectors of a city and derived functions describing aggregate demands
for labor, capital, and land in those sectors. The aggregative model combines
these two sectors to find the city’s total demand for factors, factor income, and
city size given the supply functions of factors available to the city. The modelis
solved using the specific functional forms introduced in Chapter 1. In doing
this it is assumed that city residents have identical incomes and tastes. In a
sense a partial equilibrium framework is assumed since the city is treated as a
small entity relative to the rest of the economy and world. As such, the city
borrows capital at a fixed rental rate in national or international markets; it
buys and sells traded goods at fixed prices or at least faces a given demand
function for its exports; and it has an exogenous supply function of Jabor.
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